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“Imagination is more important than knowledge.”

Albert Einstein



Abstract

Electric heart activity is a major determinant of the functioning of the heart. The

inverse problem of electrocardiography tries to reconstruct heart-surface potentials from

body-surface potentials, with the use of a patient-specific anatomical geometry. Under

well-specified, not too unrealistic conditions, a linear relation between these potentials

can be found and methods to obtain this for a specific geometry were implemented.

However, the underlying mathematical problem is ill-posed, meaning that little variation

in the input data yields considerable, erroneous variations in the solution. To deal with

this, two methods were implemented: Tikhonov regularization, and Generalized Minimal

Residual (GMRes) regularization.

In several experiments, we describe similar results between the reconstructions of those

two methods. Nobody will doubt that the reconstructions are sensitive to geometri-

cal uncertainty, but more severe is the presence of noise. Noise severely reduces the

resolution of the reconstruction.

At real-world noise levels, and with the assumptions made, we will have a challenge

obtaining useful reconstructions. However, first reconstructions of human heart-surface

potentials, based on recordings of body-surface potentials of a test person, show some

interesting resemblance with findings described in literature.
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cardiac of the heart
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action potential the change in electric potential in a heart cell that

initiates contraction
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ill-posed the solution to a mathematical problem does not depend

continuously on the data

ill-conditioned the numerical instability of a matrix associated with an
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CT Computed Tomography

MRI Magnetic Resonance Imaging

ECGI electrocardiographic imaging
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Preface

This thesis is dedicated to our hearts. The human heart is a very fascinating subject; it

is for apparent reasons that we associate the heart with life. Without it, we would not

be able to exist. But also without electricity, life would not be possible in its current

form. The heart pumps due to electrical waves that travel through the heart, initiating

contraction and resulting in blood flow.

Therefore, knowledge about the electrical functioning of the heart, provides insight into

the state and disease of that heart. Cardiologists have known this for about a century

now, but still, the future has a lot to bring. This thesis attempts to give a glimpse of

the possibilities that have become available recently. Reconstructing the electrical heart

activity from data from electrodes on the body will be the main topic of this research.

This topic, the reconstruction of electrical heart activity, may require some introduction

in either heart physiology or the physics of electricity. The first part of this thesis is

dedicated to these basics. In the second part, a framework is introduced that explains

how we want to investigate electrical heart activity at different levels. The third part

is the main piece of this thesis: it explains how we can reconstruct electrical events at

the heart surface with measurements from electrical currents at the body surface, and

some geometrical information. Experiments will be performed, showing the capacity

and limitations of the techniques used. This will come together in the last part, where

we provide the main conclusions and discuss some of the future possibilities.

Enjoy reading!

x



Part I

General background
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Introduction to Part 1

This thesis considers a topic that connects several domains of research: medicine, physics

and mathematics. Readers might not be familiar with one or more of these subjects,

which prevents them from full comprehension of the thesis.

Therefore, this first part provides some general information that is necessary to under-

stand the basic principles that are the foundation of the work performed for this thesis.

Feel free to skip any introductory chapters of this first part if you are familiar with their

contents.

This thesis starts with a general consideration of the functioning of the human heart, as

this is the topic all the mathematical theory is about. Surely, only when we understand

what we are imaging exactly, we are able to understand the relevance of what we are

doing.

After this physiological introduction, we will dive into the physics of electromagnetism,

as this is necessary to understand why some mathematical principles can (and should)

be applied to our model of body and heart. Again, full comprehension of the physical

background improves understanding of the impact of our actions.

After these introductory chapters, a more detailed approach is possible in the subsequent

chapters.

2



Chapter 1

The Heart

The human heart is a muscle that continuously performs a cycle of contraction and

relaxation to fulfill its goal: pumping blood into the circulatory system. A constant flow

of blood is required to achieve homeostasis in the human body and is essential to life.

1.1 The human heart

Mechanically speaking, the human heart consists of two separate pumps connected in

series: the right heart that pumps blood through the lungs, and the left heart that

pumps blood to the other organs. The smaller circulation, that is powered by the right

heart, ensures that oxygen is replenished and carbon dioxide is removed in the lungs.

This oxygen-rich blood is subsequently pumped by the left heart through the greater

circulation: the rest of the body. Here, oxygen is used, fuel is absorbed and put to

use, and waste products are generated and removed; all to attain a stable environment

(called homeostasis) that is needed to sustain life.

Both the left heart pump and the right heart pump can be divided in two compartments:

an atrium and a ventricle, see Figure 1.1. Each atrium is a weak auxiliary pump that

pumps blood in the larger ventricle, which is the strong primary pump. Both atrial and

ventricular muscle contract in much the same way as other (skeletal) human muscles.

The primary difference is the duration of contraction: this is prolonged, to allow the

pumps to function optimally.

3



Chapter 1. The Heart 4

Figure 1.1: The structure of the human heart. The heart consists of two separte
pumps (left and right), each consisting of an atrium and a ventricle. Blood enters the
right atrium and is pumped into the right ventricle. The right ventricle pumps the
blood through the lungs and to the left atrium and left ventricle. The left ventricle
then pumps the blood through the remaining organs to the left atrium again. (Image

taken from Wikimedia Commons)

1.2 Electrical conduction

Contraction of the cardiac muscle is required for the pumping function of the heart: the

synchronized shortening of all muscle fibers results in pushing the blood out of the heart

cavities. This contraction is initiated by an electrical potential, the action potential,

that spreads over the cardiac tissue. When this impulse travels over a muscle fiber,

the changes in electrical potential over the cell wall induce a cascade of events, in the

end leading to fast contraction and slow relaxation of the fiber. Correct timing of the

individually contracting and relaxing fibers results in pumping and refilling of the whole

heart.

Contraction and relaxation of local cardiac muscle should occur in the correct order.

First, the atria should contract to optimally fill the ventricles, and only then the ven-

tricles should contract. On the other hand, all ventricular muscle cells should contract

almost simultaneously to achieve optimal performance. Thus, the electrical wave that

initiates individual fiber contraction should be delayed between the atria and the ven-

tricals, while within the atria and within the ventricles it should be conducted as fast as
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Figure 1.2: The electrical conduction system of the heart.

possible. To achieve this, the heart has a specialized conduction system, which is shown

in Figure 1.2.

This figure also shows the origin of the electrical wave: the sinoatrial (SA) node or sinus

node in the right atrium. This node has an intrinsic frequency at which it generates

electrical waves due to self-excitation, for which it needs no input whatsoever - this

principle is called automaticity. However, the intrinsic frequency at which electrical

waves are induced can be influenced by nervous input from the rest of the body, such

that the pumping frequency can be adjusted as needed.

When an electrical impulse is generated by the SA node, the conduction system leads

the resulting electrical wave at high speed through the atria (both left and right), such

that all atrial fibers can contract more or less simultaneously. Then the wave arrives

at the atrioventricular (AV) node, at which a necessary delay is induced to allow the

ventricles to fill with blood. After this, the left and right bundle branches of Purkinje

fibers quickly conduct the wave to all parts of the ventricles, which results in their

synchronous contraction and thereby the pumping function of the heart.

1.3 Electrical abnormalities can be lethal

The conduction system as described above is quite reliable: an average person has some

billion heart beats during his life, with a failure rate that is exceptionally low. However,

erroneous situations do occur, with little or great consequences depending on the exact

cause and compensating capacity. Electrical abnormalities in the heart directly influence

the functioning of the heart, due to the induction of contraction by electrical waves. For

example, the heart could pump less efficient or even stop contracting at all.
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An impulse or electrical wave that originates from the SA node at a rate of 60 to 100

beats per minute (bpm) is called normal sinus rhythm. When the SA node fails, the AV

node, located between the atria and ventricles, can take over at a slower rate, due to the

automaticity principle that also (although at a lower rate) is expressed in this cardiac

tissue.

However, impulses can also originate from other locations in the heart, for example

from a ventricular focus. This can happen since all cardiac cells from the conduction

system posses the property of automaticity: self-excitation, by which the cell generates

an action potential at its own will. Self-excitation normally only kicks in at rates that

are abnormally slow. In this form, self-excitation can take over a failing sinus node or a

blocked conduction system.

On the other hand, when an individual cell or group of cells self-excites abnormally, this

can result in abnormal origination and dispersion of the electrical wave. Each cardiac

cell can transmit impulses in any direction, also in a direction that is opposite to the

normal direction when the sinus node fires. Therefore, focal impulses, with correspond-

ing abnormally spreading waves, can result in cardiac disfunctioning. Conditions with

abnormal electrical cardiac activity are called cardiac arrhythmias and can cause sudden

death, syncope, heart failure or have no symptoms at all.

1.3.1 Cardiac arrhythmias

Cardiac arrhythmias are many and complex. Some of the most important ones are

discussed briefly here, to stress the need for an imaging modality that is able to show

what is happening electrically in the heart.

Electrically speaking, the heart can beat slower than normal (< 60 bpm). This is called

bradycardia and can have several causes, e.g. AV block in which the AV node blocks the

incoming electrical impulse. On the other hand, the heart can also beat faster (> 100

bpm), called tachycardia, although this can also be a normal situation (e.g. exercising).

In abnormal cases, it can be induced by spontaneous focal impulses.

When, due to abnormal automaticity, a part of the heart generates an action potential

without being activated by the sinus node, this location is called an ectopic focus. Ectopic

foci can induce a single premature beat, or, when they fire more rapidly than the sinus

node, a sustained abnormal rhythm. This can reduce the efficiency of the pumping

mechanism.

Normally, the electrical impulse travels from one side of the heart (top of the atria) to

the other side of the heart and then dies out. However, it is possible for an electrical
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Figure 1.3: The Ouroboros: an ancient symbol, represeting cyclicity, of a snake
swallowing its own tail and forming a circle. A re-entry can be thought of as the same:
an electrical impuls travels around some non-excitable tissue and keeps running after

its own tail, as long as the tissue in front of it is still excitable.

impulse to travel in tight circles within the heart, as a snake that bites it own tail,

see Figure 1.3. This arrhythmia is called re-entry, as it allows the impulse to re-enter

cardiac tissue that it already visited.

A special case of re-entry is fibrillation: an entire atrium or ventricle is involved in con-

tinuous, rapid activation by multiple meandering re-entry waves. The atria or ventricles

respond electrically, but no coordinated mechanical action is performed: the contraction

is local and chaotic, without any synchronization. This greatly reduces the pumping ef-

ficiency of the heart. For ventricular fibrillation, the pumping function is compromised

to such an extent that this condition is deadly.

1.4 Imaging electrical activity

The above stresses the need for an imaging modality that enables us to assess the

electrical functioning of a patient’s heart. Many electrical abnormalities in the human

heart result in symptoms, some of which can be quite severe, and detailed information

about the exact electrical functioning of the heart is essential for a correct diagnosis.

Furthermore, fast and accurate imaging of cardiac electrical activity can not only help

to provide a diagnosis, but is also a method to evaluate the treatment a patient receives.

Certainly in the western countries, where cardiac disease still is number one in death

causes, imaging of cardiac electrical abnormalities can be very helpful. The well known
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Figure 1.4: Schematic representation of an electrocardiogram (ECG).

electrocardiogram (ECG, see Figure 1.4) is extensively used and a powerful starting

point to visualize the electrical activity. However, it lacks information that specifies the

location of the abnormality in detail. More detailed information can be obtained by

intravenous approaches (that is, with a measuring catheter in a patients vein), but such

an invasive approach is often considered too drastic for a possible diagnosis.

To understand how we can construct ECG-like images with just electrodes on the body

surface, we first have to introduce some of the physical laws that explain the conduction

of electrical currents. The next chapter will provide these basics.



Chapter 2

Electromagnetism

Electricity has existed since the beginning of the universe, but it only became a serious

area of research in the beginning of the nineteenth century, when the first practical

applications came to use and its impact on society became more and more apparent.

The electric engine, for example, provided an alternative for human power and for the

bulky steam engines. The comparison between the electric engine and the human heart

is not that far off, as both will not function without electromagnetic force.

Although advances in electromagnetism have only been developed in the last few cen-

turies, Chinese documents suggest that magnetism was observed as early as 2000 B.C.,

and the ancient Greeks already observed electric and magnetic phenomena in 700 B.C. In

the early nineteenth century, it was discovered that electricity and magnetism are related

and the term electromagnetism was coined. James Clerk Maxwell developed the fun-

damental laws of electromagnetism, Heinrich Hertz produced electromagnetic waves in

his laboratory and quickly new applications were developed that fundamentally changed

the world. [1]

2.1 Electromagnetic fields

The electromagnetic field is invisible, just like gravity. Gravity becomes visible when a

mass is present in the gravitational field. Since in our daily world, masses are always

present and therefore, the gravitational force is apparent at all times. Likewise, we can

only see the electromagnetic force when an electric charge is present in an electromag-

netic field. As gravity is pulling masses to its center, electromagnetic fields pull electric

charges in its direction. There is, however, one big difference compared to gravity: there

is only one type of mass, which results in “pulling the mass” in a gravitational field.

9
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Figure 2.1: Black children playing leapfrog in a Harlem street, ca. 1930. A child
jumps over the other children’s stooped backs, and when at the first position takes the
same pose. An electromagnetic field is like playing leapfrog: a “wave” (kid) dies out by
reaching the first position. At that moment, another wave (the kid at the last position)

takes over and generates a “new field”.

However, electric charges can be either positive or negative, resulting in either “pulling”

or “pushing” the electric charges. This has the important implication that, although

charged particles are present everywhere, they often are of opposite kind and therefore

often cancel out, without any apparent results on macroscopic level, whereas gravity is

always pulling and attracting and thus visible.

2.2 Self-preservation of electromagnetic waves

The electromagnetic field actually consists of two field: an electric field and a magnetic

field. James Clerk Maxwell (1831-1879) had an important understanding of this combi-

nation. Each electrically charged particle in the universe is the center of its own electrical

field, that spreads out over the whole universe. This field is like a wave: it rimples and

spreads out in all directions. Like a water wave, it would die out quickly, if it were not

for the fact that a changing electric field (i.e. an electric field dying out) generates a

magnetic field. Thus, the electric field is continued as an magnetic field. But quickly

again, this magnetic field is also going to die out. Then something interesting happens:

a changing magnetic field generates an electric field. As such, the dying magnetic field

generates an electrical field again.
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Figure 2.2: An electromagnetic field consists of two parts: an electric field (blue) and
a magnetic field (red), that travel perpendicular to eachother and feed eachother with

energy.

Thus, the original electrical field switches to a magnetic field, which drives again an

electrical field, that dies out and with its death generates a magnetic field and so on and

so forth. This goes on for ever, like a row of children playing leapfrog, as in Figure 2.1.

The child at the last position jumps over all other children and takes the first position.

This snake of children continues to travel forward for ever, if the children would not

get bored. Well, electric and magnetic fields do not get bored and will continue their

journey into infinity.

Thus, a long story short, electric and magnetic fields continuously feed eachother with

energy and thus are coupled “in life and death”, hence the name for their alliance:

electromagnetism. This is visualized in Figure 2.2.

2.3 Describing electromagnetism

Everything in electromagnetism is contained in the Maxwell equations [2]. These are

set of partial differential equations relating electric and magnetic fields to their cources,

charge density and current density:

∇ · Ē =
ρ

ε0
(2.1)

∇ · B̄ = 0 (2.2)

∇× Ē = −∂B̄
∂t

(2.3)

c2∇× B̄ =
J̄

ε0
+
∂Ē

∂t
(2.4)



The first equation is Gauss’ law and describes how an electric field Ē is generated by

electrical charges ρ. The second equation is Gauss’ law for magnetism, stating that

there are no magnetic charges. The third is Faraday’s law, describing how a changing

magnetic field B̄ can induce an electric field Ē. This third law can be seen as “the rules

for playing leapfrog”, explaining how an electromagnetic field can keep itself alife. The

fourth equation is Ampre’s law with Maxwell’s correction, stating that magnetic fields

B̄ can be generated by either a changing electric field Ē, or by electrical current J̄ .

For this research, we can assume that the electric events can be described independent

of time. That is, they are static: charges are fixed, or move in a steady flow. This results

in a set of simplified equations, the static Maxwell’ equations. For electrostatics, these

are:

∇ · Ē =
ρ

ε0
(2.5)

∇× Ē = 0 (2.6)

These equations will be used in chapter 8, where we find a way to relate electric potentials

at the heart to electric potentials at the body surface.
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Chapter 3

The need for a framework

The introductory part of this thesis informed us about the basic principles of the hearts

physiology and and about electromagnetism. We saw that the heart pumps out blood

due to the mechanical contraction of its muscle fibers. This contraction is initiated by

an electrical wave, called the action potential, which originates from a time-triggered

firing station in the heart’s right atrium. This action potential spreads out over the

whole heart and generates an electromagnetic field that can be measured at the body

surface with electrodes, resulting in an electrocardiogram (ECG).

In this part of the thesis we will describe the framework that was developed for obtaining

information about electrical events within the heart wall. The structure of the heart wall

is shown in Figure 3.1. The goal of this framework is to facilitate simultaneous epicardial

and endocardial recordings in the human heart. These are simultaneous recordings of

electrical activity both at the inner (endocardial) and the outer (epicardial) surface of

the heart.

In some syndromes, it might be useful to investigate this transmural electrical conduction

from inner heart surface (endocardium) to outer surface (epicardium). For example, in

the Brugada syndrome [3], it is suggested that discontinuous transmural conduction is

the cause of typical Brugada ECG findings [4], see Figure 3.2. Therefore, a framework

that enables the analysis of both endocardial and epicardial recordings can provide

insight in hypotheses as these. Especially the analysis of simultaneous recordings of

epicardial and endocardial electrical properties can be useful.

This part of the thesis describes the development of a software framework for transmural

analysis of simultaneous endocardial and epicardial recordings. First, we will focus on

previous studies that simultaneously recorded endocardial and epicardial signals in the

human heart. Then we will describe how we can obtain endocardial recordings, and

14
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Figure 3.1: The structure of the heart. The inner heart wall is called the endocardium,
the outer heart wall the epicardium. Electrical waves that initiate contraction travel

from endocardium to epicardium.

Figure 3.2: A theorem suggested by [4], explaining right precordial ST-segment eleva-
tion in the Brugada syndrome on the basis of right ventricular transmural gradients of
membrane potentials during early repolarization caused by discontinuous conduction,

as visualized here.

how computed tomography (CT) can serve as an anatomical basis. Obtaining epicardial

recordings is the main focus of this thesis and will be described in a separate part.
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3.1 Previous studies of simultaneous endocardial and epi-

cardial recordings

Simultaneous recording of epicardial and endocardial electrical signals in the heart is a

complex process. Extensive analysis of simultaneous epicardial and endocardial electro-

physiological recordings has rarely been described. One of the first studies that simulta-

neously recorded epicardial and endocardial electrical signals in humans was published

in 1987 by Harris et al. [5].

They investigated the activation sequence of ventricular tissue in patients with ventricu-

lar tachycardia. In twenty patients, simultaneous recording of epicardial and endocardial

ventricular tissue took place. An endocardial balloon with 110 electrodes was used in the

left ventricle, and an epicardial sock with 110 electrodes covered both ventricles. During

the procedure, the patients were in cardiopulmonary bypass, experienced ventricular

tachycardia and can hardly be said to be in physiological conditions.

Similar studies, that simultaneously record epicardial and endocardial signals in the hu-

man heart, are limited. In 1991, Kaltenbrunner et al. [6] published a study in which

they analyzed epicardial and left ventricular endocardial isochronal maps in 28 patients

with ventricular tachycardia due to myocardial infarction. The epicardial signals were

recorded with an epicardial sock (with 64 electrodes) covering both ventricle surfaces.

Endocardial recordings were performed with an inflatable balloon (also with 64 elec-

trodes) in the left ventricle only.

The least invasive human study to date is conducted with two new imaging techniques,

simultaneously applied in patients by Shannon et al. [7] in 2007. For epicardial record-

ings, they used the novel technique of Electrocardiographic Imaging (ECGI, discussed

extensively in Part 3) to reconstruct epicardial signals from body surface potentials mea-

sured with an 80-electrode vest. Endocardial recordings were obtained by noncontact

mapping (EnSite). Thus, these conditions are far more physiological than the other

studies described above. The recorded endocardial signals were used to validate the

reconstructed epicardial signals (during pacing).

Thus, simultaneous endocardial and epicardial recordings have not been performed often.

In the next chapters, we will look at the requirements for obtaining such measurements

and develop methods to do so.



Chapter 4

Prerequisites for transmural

analysis

For analysis of transmural conduction of action potentials, we need:

• endocardial recordings of electrograms (thus, electrical recordings at the inner

heart wall)

• epicardial recordings of electrograms (thus, electrical recordings at the outer heart

wall)

• information about the anatomical relation between endocardium and epicardium

When we have endocardial and epicardial recordings, and the spatial relation between

the recorded points at the endocardium and the epicardium is known, we can investigate

changes in conduction that for example occur when sodium channels are compromised.

Figure 4.1 shows our approach for obtaining these endocardial and epicardial electro-

grams. Endocardial electrograms will be measured with a catheter, while epicardial

electrograms will be mathematically reconstructed from recorded body surface poten-

tials.

4.1 Endocardial recordings

For endocardial recordings, the CARTO system can be used. This system, developed

by Biosense Webster, uses mapping catheters to intracardially measure electrograms [8].

A catheter is introduced into the heart cavity by intravascular means. The catheter

17



Chapter 4. Prerequisites for transmural analysis 18

Figure 4.1: The Maastricht approach for obtaining simultaneous endocardial and
epicardial recordings of electrical heart activity. The endocardial electrograms will be
obtained with a recording catheter (the CARTO system), while epicardial electrograms
will be reconstructed from measured body surface potentials (ECGI reconstructions).

tip, when pressed against the endocardium, measures electrograms, representing local

electrical activity.

The location of the catheter tip is also determined. The tip measures a varying external

magnetic field, created by a device placed beneath the patient. This magnetic field has

different properties at different spatial locations, such that the location of the catheter

can uniquely be determined by measuring the magnetic field at the tip. Since the heart

is a dynamical organ, constantly moving during a heartbeat, the location is taken during

a relative relaxed period of the heartbeat, usually at the R peak of an ECG. [9]

The combination of local electrograms and their anatomical position allows for an elec-

troanatomical map, which displays the anatomical endocardium (according to the loca-

tion of the measured points), visually superimposed with electrical properties (according

to the measured electrograms) by using color for these values. See Figure 4.2 for an ex-

ample.

4.2 Epicardial recordings

For epicardial recordings, the novel technique of Electrocardiographic Imaging (ECGI)

is used. ECGI uses measurements of body surface potentials and geometric information
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Figure 4.2: Electroanatomical map of a left atrium produced by the CARTO system,
showing the anatomical structure of the left atrium and the local activation time (LAT)
color-coded on top of the structure. The LAT is the time instant at which the underlying

tissue is electrically activated.

Figure 4.3: The ECGI procedure. Body surface potentials are measured with many
electrodes, usually 200-300. A Computed Tomography (CT) scan provides geometrical
information about the shape and positioning of the heart in the torso. Using the body
surface potentials and the geometrical information, ECGI mathematically solves the so

called ”inverse solution” to reconstruct epicardial electrical potentials.

on the torso and heart shape to solve the inverse solution of electrocardiography, re-

sulting in reconstructed heart surface (epicardial) potentials [10], see Figure 4.3. These

reconstructed epicardial potentials than can be used to reconstruct activation maps

(isochrones) and electrograms on the epicardium.

The body surface potentials are measured using more electrodes (usually two to three

hundred) than in a normal 12-lead ECG, providing a much more detailed recording of

the projection of electrical heart activity on the torso surface.

A Computed Tomography (CT) scan provides the anatomical relation between the body



Chapter 4. Prerequisites for transmural analysis 20

surface and the outer heart surface. This geometrical information is needed to recon-

struct the epicardial potentials from the measured body surface potentials. This math-

ematically complex procedure is the main focus of this thesis and will be described in

Part 3. But first, we will look at the endocardial recordings and CT scan in more detail.



Chapter 5

Endocardial recordings

The first step in developing a framework is to acquire endocardial recordings. These data

can be measured in patients at the Maastricht University Medical Centre (MUMC+).

This hospital routinely uses the CARTO XP system as a diagnostic tool for complex

arrhythmias.

The CARTO data can be exported from the CARTO workstation as a list of points.

These points were at the time of the procedure accepted by the physician or an assistant

as relevant mapping points. Each point has several characteristics, of which the most

important are its coordinates (X,Y,Z position) and some relevant electrical measure-

ments as Local Activation Time (i.e. the time an electrical activation wave passed the

tissue at that point) and a bipolar and unipolar value.

Figure 5.1: CARTO points plotted in a three-dimensional space, in this case taken
in a left atrium in a human patient.

21
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The first thing that can be done with such a collection of points, is visually represent

their location by plotting each point at its correct coordinates in a three-dimensional

space, as in Figure 5.1. This view, however, is of little use, as we are not able to mentally

visualize the anatomical structure or electrophysiological characteristics of this particular

patients left atrium. However, we know that each point lies at the endocardium, since a

point is only registered when the catheter tip is pressed against the inner heart surface

and has good electroanatomical contact. Therefore, we can create a surface over all

points, representing the endocardium.

Surface reconstruction from a set of points is a difficult issue [11], certainly with as

little sample points as generally is the case in CARTO data (typically no more than

200 points are taken during a procedure). We used methods based on an algorithm by

Amenta [12]. First, the normals of all points are determined [13]. Then the points and

their normals are used as input to a water-tight surface reconstructor [14] or an adaptive

moving least squares (AMLS) surface reconstructor [15]. In essence, these algorithms

create a triangulation: each point is connected to one or more of its neighbors, such that

small triangles between these points are created.

This yields results as shown in Figure 5.2. Now, it is clearer that this is an anatom-

ical structure (in this case a left atrium). However, the above mentioned algorithms

sometimes fail to reconstruct correct surfaces, as Figure 5.3 demonstrates. This can

be explained by the low number of CARTO points, typically less than 150-200, which

makes it hard for surface reconstructors to fit a correct surface. This problem will be

addressed and solved further on in this report.

For now, let us assume that we can create a correct surface over (most) CARTO points,

as in Figure 5.2. Then it is useful to project the electrophysiological measurements that

are associated with each point at this surface. This can be done by coloring the surface,

as shown in Figure 5.4. At each point, the surface color represents the value measured at

that specific point. At areas between these measured values, an approximated value is

determined by linear interpolation between the measured values at surrounding points.

5.1 Achievements and problems

Using the aforementioned techniques, we are able to read points that are created and

exported with the CARTO system. These points can be visualized, and a surface can be

reconstructed to fit this points as good as possible. Next, coloring the surface visualizes

the measured electrical properties of the cardiac structure. Thus, after a CARTO pro-

cedure, we are able to handle the CARTO data in our own software environment, with
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Figure 5.2: A reconstructed surface from CARTO points. The CARTO points are
blue dots and are the same as in figure 5.1, only from a slightly changed viewpoint.
Note that this surface is triangulated: it consists of only triangles between the points.

Figure 5.3: Surface reconstructed of another set of CARTO points, showing the
sometime erroneous reconstruction.
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Figure 5.4: A colored surface, reconstructed from CARTO points. The coloring
represents an electrophysiological measurement, in this case the Local Activation Time
(LAT). The LAT represents the time (relative to some chosen reference point in an
ECG) that the corresponding tissue is electrically activated. In this figure, the time
ranges from about -90ms (red) to approximately +90ms (purple). Thus, the red colored
tissue activates first. The activation pattern then spreads via the green and blue colored
parts to the purple shaded tissue. In this case, this is a normal activation pattern of a
left atrium. The heart’s electrical activation front originates in the right atrium, and
travels via Bachman’s Bundle to the left atrium. This explains the focal entry of the

activation front (red) in this left atrium.

algorithms that we choose to use or develop. This gives us great freedom in analyzing

data for research purposes, such as the transmural analyses we want to perform after

obtaining simultaneous endocardial and epicardial data.

However, there are some problems that require attention. First, the surface reconstruc-

tion from the set of points is not always as good as it could be. Also, this surface often

lacks detail. It would be very useful to have a more detailed and accurate surface.

Second, there is no information about the relation between all these endocardial data,

and the corresponding epicardium. We now know where the endocardium is, thanks to

our CARTO points and the associated endocardial surface, but there is no information

about the epicardial structure. The local wall thickness and exact positioning of the

epicardium relative to the endocardium are unknown.

Both these problems can be solved by means of a CT image. By using a CT image, we

can reconstruct an accurate endocardial surface, that has much more detail than our

reconstructed CARTO surfaces. Furthermore, from the same CT image, an epicardial

surface can be reconstructed. This means that with one medium, we can extract both

surfaces that are required, which ensures a great anatomical correlation between the two

reconstructed structures. Wall thickness and relative positioning can then be extracted

quite precisely. The next section describes the use of CT scans to achieve these goals.
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CT as anatomical basis

The advantage of using a Computed Tomography (CT) scan as anatomical reference is

the availability of existing algorithms that are able to reconstruct endocardial and epi-

cardial heart surfaces from one scan. This allows for detailed anatomical reconstruction

of these surfaces, with much higher spatial resolution than the surfaces reconstructed

from CARTO points.

Another advantage of using a CT scan is the good correlation between the endocardial

and epicardial surface. That is, by using one medium, accurate estimates of the position-

ing of the endocardium relative to the epicardium, as well as of the local wall thickness,

can be made. These properties are very important when analyzing endocardial and epi-

cardial recordings, since the local endocardial electrograms have to be matched to the

corresponding (i.e., the closest) epicardial electrograms. On top of that, wall thickness

probably has a significant influence on conduction of the action potential in for example

the Brugada syndrome [4].

For this purpose, cardiac multislice CTs are used. Software is readily available to seg-

ment the endocardium and epicardium from these CT scans. Endocardial surface recon-

struction is routinely performed at this hospital, and also epicardial surface reconstruc-

tion (although more cumbersome) is possible. After the construction of both surfaces,

these can be imported into our software framework.

Our framework then allows for visualization of the surfaces. For example, Figure 6.1

shows two endocardial surfaces: a left ventricle and a corresponding left atrium. It can

be seen that the spatial resolution of these surfaces is much higher than the resolution

of the surface reconstructed from CARTO points.

Figure 6.2 shows the endocardial surface of a left ventricle within the epicardial surface

of the whole heart. This projection shows the relative positioning of the endocardium

25
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Figure 6.1: Reconstructed endocardial surfaces of the left ventricle (red) and left
atrium (green) of a patient, reconstructed from a cardiac multislice CT scan. Note that

both surfaces are endocardial.

of the left ventricle in the surrounding epicardial structure. High correlation is ensured

by using one medium for reconstruction of both surfaces.

Additional functionality of the tool we developed allows visualization of cross-sections

through the heart, as shown in Figure 6.3. These allow for easy visualization of wall

thickness and positioning of endocardium relative to epicardium.

6.1 Achievements and problems

As described, our framework enables importing surfaces that are segmented from a car-

diac CT scan using existing software. These surfaces (whether endocardial, epicardial or

both) can be used as anatomical basis for analysis of electrophysiological measurements.

By using our custom-made framework, great freedom in implementing mathematical

algorithms is ensured.

However, several problems that need further consideration have arisen. First of all,

although endocardial segmentation is routinely performed at our hospital, epicardial

reconstruction is more complex. When segmenting epicardial structures, pericardial

structures and surrounding tissue are quite easily merged with the epicardium. The

epicardium then has to be cut free of the non-epicardial structures, which is a difficult
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Figure 6.2: A reconstructed endocardial surface of the left ventricle (blue) projected
within the reconstructed epicardial (red) surface of the whole heart. Both surfaces are

reconstructed from a cardiac multislice CT scan.

Figure 6.3: A reconstructed endocardial surface of the left ventricle (blue) projected
within the reconstructed epicardial (red) surface of the whole heart. Superimposed are
slices that visualize cross-sections. The panels on the right show the corresponding
cross-section. The inner contour on such cross-section represents the endocardium (in
this case of the left ventricle only), while the outer contour represents the epicardium of
the whole heart. Note that the filled area between those contours actually also contains
other blood filled volumes, such as the left and right atria and the right ventricle. These
are omitted in this view. Note also that the ventricular wall thickness can easily be

measured, and that structures as detailed as papillary muscles are visible.
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process in which ”wishful cutting” can easily produce faulty results. This issue can

probably be controlled by experimenting more with segmenting epicardial structures

and gaining experience in this field.

6.1.1 Projection of electrocardiographic measurements

Another issue that needs to be solved is the projection of electrocardiographic measure-

ments (e.g. the values measured with CARTO) onto the reconstructed endocardial or

epicardial surface. When using CARTO points as basis for surface reconstruction, each

vertex of the triangulated surface had a measured electrophysiological value. When us-

ing the CT-reconstructed surfaces, however, we have many more vertices (typically many

thousands) for each triangulated surface than was the case with CARTO (typically less

than two hundred). We therefore have to project the few measured CARTO values onto

the many CT-reconstructed vertices.

One approach to achieve this is as follows: for each CARTO point, find the closest

CT-reconstructed vertex and assign that vertex the corresponding CARTO value. Next,

for each vertex with a value assigned, find the closest non-valued vertex and the closest

vertex with an assigned value that has the non-valued vertex on its geodetic line (shortest

path) with the first vertex. Then, linearly interpolate all points between the two (value

assigned) vertices. This process is described in [16]. It is, however, a computationally

very demanding process, certainly when the number of vertices is some tens of thousands.

Therefore, a less demanding algorithm has to be developed. Approximation or linear

interpolation should be applicable, although we have to adapt the existing 1D algorithms

to our two-dimensional surface in three dimensions.

To correctly project the CARTO point data onto the segmented CT surface, we need

an anatomical reference in both the CT-reconstructed surface and the CARTO data, to

anatomically align both data sets. Image integration of electroanatomical mapping (such

as CARTO) with CT/MRI imaging has been shown to be feasible [17]. It has been shown

that the pulmonary veins entering the left atrium can be such an anatomical reference

location, but also the descending aorta can serve as a good reference point.
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Epicardial recordings

Now we have a good anatomical basis and have endocardial recordings, the next step is

to implement the analysis of epicardial recordings. These recordings will be obtained by

solving the so called inverse problem of electrocardiography.

Standard electrocardiographic imaging techniques infer information about the cardiac

electrical activity from electrocardiograms (ECGs) recorded on the body surface, far

away from the heart. These methods are limited in their ability to detect and localize

electrophysiological processes in the heart. Increasing the number of measured ECGs

on the body surface from twelve (as in the default twelve lead ECG) to several hun-

dreds provides more detailed information in the form of body surface potential maps

(BSPM). These BSPMs contain more detailed information than the standard ECG, but

still provide a very low-resolution projection of cardiac electrical processes, due to the

smoothing effect of the torso volume conductor. On top of that, each body surface ECG

incorporates the electrical activity of the whole heart, thereby rendering exact location

of electrical processes in the heart more difficult. In contrast, measurements directly

on the heart surface provide a high-resolution representation of electrical heart activity,

with accurate localization. The novel method of electrocardiographic imaging (ECGI)

is able to reconstruct this electrical heart activity on the outer heart surface in a non-

invasive way. ECGI reconstructs epicardial electrograms from body surface potential

measurements, thereby obtaining local information about cardiac events. [18]

To perform reconstruction of epicardial electrograms as done in ECGI, we need a CT

scan and body surface potentials. These body surface potentials are measured with 256

electrodes attached to the body surface. The measured body surface potentials are the

result of electrical heart activity (and perhaps some interfering electrical sources like

other muscles). The so called inverse solution of electrocardiography uses these body

surface potentials to mathematically reconstruct the associated epicardial potentials

29



(and the corresponding electrograms), as described in [19]. This method is developed

and validated by Rudy and others [10, 20–22] and is routinely applied in their lab.

The remaing part of this thesis is dedicated to the problem of obtaining epicardial

recordings by means of solving the inverse problem of electrocardiography.



Part III

Noninvasive Electrocardiographic

Imaging
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Introduction to Part 3

In the previous chapters we saw why it is important to obtain heart-surface potentials

in patients. Obtaining these is not easy. One way is open heart surgery, but this is a

very invasive and severe procedure. A non-invasive method would be preferable, and

one possible way is reconstructing heart-surface potentials from many measurements of

potentials at the body surface. However, mathematically and technically, this is quite a

challenge.

That means that we have arrived at the major topic of this research: the reconstruction

of heart-surface potentials from body-surface potentials. The idea behind our approach

is illustrated in Figure 7.1. We start with a patient, of whom we take computed to-

mography images to obtain a geometrical relation between his heart and torso. We also

take many, typically 256, recordings of body-surface potentials. These are aligned with

the obtained geometry, such that we have a nice view of the potentials distributed at

Figure 7.1: Our procedure for obtaining inverse reconstructions of human heart-
surface potentials.
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the body-surface. Next, we can try to mathematically reconstruct the corresponding

heart-surface potentials.

For this, we need to derive a method for relating heart-surface potentials to body-surface

potentials. We will also look at the inverse of this problem, and discover that it is ill-

posed. In order to obtain realistic solutions, regularization techniques are required.

Many experiments are performed to validate our implementation and the characteristics

of the methods used.



Chapter 8

The forward and inverse problem

of electrocardiography

As we have seen in earlier introductory chapters, electrical currents flow through the

heart, initiating contraction of the heart muscle. Electrical currents generate an electro-

magnetic field, which spreads throughout the body and results in potentials at the body

surface. In that sense, electrical activity of the heart is reflected at the body surface.

This fact has been recognized for more than a century now, starting with the develop-

ment of the electrocardiogram (ECG) by Willem Einthoven. An extensive knowledge

base has been build around ECGs, but they do lack the capacity to localize events on

the heart surface. Current diagnoses based on ECG are based more on empirical pattern

recognition than on biophysical modeling [23].

Ultimately, the goal of electrocardiography would be to describe the electrochemical

activity of each cell in the heart, based on body-surface electrocardiograms. Of course,

this goal still is far way, if not utopian, but we can certainly improve on the ECGs

used in everyday practice. To do this, we must find an answer to the question: how do

electrical currents on the heart generate body-surface potentials? This is the so called

forward problem of electrocardiography and has been a subject of research for a long

time.

If we want to figure out how to investigate electrical activity on the heart, we first need a

way to represent this electrical activity. A good way is to use heart-surface potentials, by

which we mean the electrical potentials at the outer surface of the heart (i.e., potentials

at the epicardium). These heart-surface potentials of course reflect the heart activity

quite well, as they directly reflect the action potential traveling through the heart.
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Thus, to make the forward problem more concrete, we want to relate heart-surface

potentials to body-surface potentials. We will see that we are able to find a linear

relation between those, in the form of

ΦB = AΦH (8.1)

where ΦB represents the vector of body-surface potentials, ΦH the vector of heart-surface

potentials, and A the geometry and conductivity transfer matrix reflecting the properties

of the volume conductor between the epicardial surface (that is, the outer heart surface)

and the body surface. In other words, ΦB contains the potentials at various locations at

the body surface, and ΦH those at the outer heart surface, and the matrix A somehow

describes the relation between those two sets of potentials.

The forward problem can now be reformulated as: how do we find the transfer matrix

A for a certain situation? We will derive methods to determine this transfer matrix

in the following section and we will see that this transfer matrix, under some well-

specified conditions, indeed only depends on the geometry of heart and torso. In other

words, if we know the position and shape of the heart and body surface, and make

some accompanying assumptions, we can determine the transfer matrix A and compute

body-surface potentials from given heart-surface potentials.

If we have reached this state, we have solved the forward problem of electrocardiography.

However, in real life, we will not have the desire to calculate body-surface potentials

from heart-surface potentials. In fact, we want to do the opposite, as this is medically

much more relevant: we want to reconstruct heart-surface potentials from body-surface

potentials. Indeed, the heart-surface potentials can inform cardiologists in detail about

the functioning and disfunctioning of the heart, and we can much more easily obtain

body-surface potentials than direct heart-surface potentials. For the latter, we would

need open heart surgery and place electrodes on the heart surface, methods too drastic

for almost all cases.

The problem of reconstructing heart-surface potentials from body-surface potentials is

called the inverse problem of electrocardiography, as it is exactly the opposite of the

forward problem. This could be done by inverting the transfer matrix A to obtain the

following relation:

ΦH = A−1ΦB (8.2)

After all, if A specifies the relation from heart- to body-surface potentials, then its

inverse, denoted A−1, would give the relation from body- to heart-surface potentials

according to formula 8.2.
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The problem is not so much inverting A, but reducing the influence of noise. The

inverse problem of electrocardiography is so called “ill-posed”. This means that little

disturbances in measurement data will yield unconstrained errors in the solution, thereby

making the solution useless. Since noise is always present in real world measurements,

its influence should somehow be controlled or regularized. Equation 8.2 will therefore

not be sufficient to get reliable heart potentials. The regularization methods we used to

obtain a realistic solution are discussed in chapter 12.

The ill-posed character of the inverse problem results from attenuation (due to disper-

sion) and smoothing (due to spatial superposition) of the electrical fields between the

heart surface and body surface [23]. Reconstruction of heart-surface potentials thus

should involve amplification and unsmoothing. When applied to real-world measure-

ments, in which noise is always present, the resulting solution can be erroneous in a

large, nonlinear and even discontinuous way [23].

8.1 Formulation of the forward problem

But first back to the forward problem. The forward problem of electrocardiography tries

to specify the electrical relation from the heart to the body surface. One formulation

of the problem represents the actual intra-cardiac sources in terms of the distribution

of electrical potential on a closed surface that completely contains the electrical sources

of the heart [23]. Or, in other words, the epicardial surface SH contains all bioelectric

sources in the heart region H. The field on any other enclosing surface (such as the

body surface SB) has, in principle, a one-to-one relation with the potential distribution

on the inner (epicardial) surface. Thus, we can relate the potentials at the heart surface

SH with a body surface SB, assuming that the medium in between is homogeneous, as

in Figure 8.1. This homogeneous assumption can be eliminated, but research has shown

that is does not make a lot of difference in the end [24].

Let’s define the potentials at n locations at the heart surface as ΦH = (Φ1
H ,Φ

2
H , ...,Φ

n
H)

and the potentials at m locations at the body surface as ΦB = (Φ1
B,Φ

2
B, ...,Φ

m
B ), then

our goal is to find a transfer matrix A such that ΦB = AΦH .

The equations needed to calculate the potential distribution within volume V , the homo-

geneous and source-free volume between SH and SB, are Maxwell’s equations, mentioned

in chapter 2. However, the human torso has the following properties [25]:

• The highest significant frequency in bioelectrical systems is approximately 1 kHz;

• There are nearly no magnetic materials in the thoracic region;
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Figure 8.1: A schematic torso B and heart H, with corresponding surfaces SB and
SH , and their normals nB and nH . The heart contains all bioelectrical sources, thus

the volume between SB and SH is source-free.

• The conductivities of blood, lung, fat and muscle tissue range from 0.0004 to 0.006

siemens/cm, while a typical body has an approximated size of 1 meter.

These properties allow us to make the following assumptions:

• Gross capacitive effects in the human torso are negligible, that is, no electrical

charges are stored and the medium is essentially resistive;

• Gross inductive effects are also negligible. In other words, there is a potential field

due to changing magnetic fields;

• Boundary conditions reduce to those of static electric fields;

• And propagation effects are negligible.

That means, that these electromagnetic fields are quasi-static, which allows us to simplify

our model.

8.1.1 Derivation of Laplace’s equation with the quasi-static assump-

tion

When currents flow through a volume conductor, this implies the presence of an electric

field Ē, as electrical fields move charges, and the definition of current involves moving

charges (see chapter 2). In the human body, time-varying conditions can be broken
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down at each time instant, and Ē will behave static at each instant of time. This is

called quasi-static, and the result is that we can apply the static version of Maxwell’s

equation describing an electrical field: ∇× Ē = 0 (see equation 2.6). This means that

we can describe Ē from the negative gradient of a scalar potential Φ, that is [26–28]:

Ē = −∇Φ (8.3)

The presence of an electric field means that any charge in this field has a force working

on it. In a conducting medium, such as our volume V , this means that an electric field

results in the flow of charge, that is, it results in a current. The current density J̄ is

related to the electric field Ē by Ohm’s law:

J̄ = σĒ (8.4)

in which σ is the conductivity of the volume conductor (expressing how easy charge can

flow through the medium). When we assume, as here, that the conductivity is identical

in all directions, σ is a scalar and consequently, the current density J̄ is directed in the

same direction as the electric field Ē. That is, current will flow in the direction of the

electric field. Then, substituting equation 8.3 into 8.4 yields:

J̄ = −σ∇Φ (8.5)

Since our homogeneous volume V is source-free (all electrical sources lie within H and

not V ), conservation of current requires that:

∇ · J̄ = 0 (8.6)

Due to 8.5, ∇ · J̄ = −σ∇2Φ, and combining this with 8.6 yields:

− σ∇2Φ = 0 (8.7)

Since σ 6= 0, this yields the following result:

∇2Φ = 0 in volume V (8.8)

This equation is called Laplace’s equation.

Laplace’s equation is accompanied by some boundary conditions. These are applied to

the body surface and result from the assumption that the air surrounding the body has

zero conductivity [26]. The resulting “zero normal flux” boundary condition states that
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the potential field will not change when leaving the body surface and can be written as:

(σ∇Φ) · n̄B = 0 on body surface SB (8.9)

with n̄B a unit vector outwardly normal to the body surface.

Together, equation 8.8 for the source-free body volume V and equation 8.9 for the body

surface constitute the boundary-value problem for electrocardiography. This problem

can be solved for an arbitrarily shaped volume conductor only by means of numerical

computation, using either the finite element method or the boundary element method

[29].

The finite element method (FEM) is based on minimizing an energy function within

the volume. The volume itself is discretized into tetrahedral (or similar) shapes. The

electric potential can then be expressed as a sum of piecewise continuous polynomial

functions. The finite element method can be very useful, but it has some disadvantages

compared to the boundary element method (BEM). In the BEM, only the boundary

surface is discretized, often into triangles. Again, each triangle (or similar element) is

associated with piecewise polynomial basis functions. A great computational advantage

of BEM is that, as only boundaries are discretized, much fewer elements are needed to

represent the same geometry as with FEM. Furthermore, with BEM, a geometry can

be adapted more easily as only the boundary elements have to be relocated, while in

FEM all elements in the volume have to be relocated. For these reasons, the boundary

element method is the method of choice to solve Laplace’s equation.

Application of either method to the potential fields in the torso volume conductor results

in a set of simultaneous linear equations, relating the body-surface elements to the heart-

surface elements. The final form for the numerical solution to Laplace’s equation is the

earlier stated equation:

ΦB = AΦH (8.10)

and will be derived in the following sections.

8.1.2 Finding the electrical potential

Now, with the model of Figure 8.1, we want to know the potential at a certain location

within the volume V and in this section, we will derive a formula with this goal. First,

let us restate the problem of electrocardiography as we have defined it in the previous
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section, consisting of Laplace’s equation and the accompanying boundary condition:

∇2Φ = 0 in volume V

(σ∇Φ) · n̄B = 0 on body surface SB

We will now solve this problem and obtain the linear relation ΦB = AΦH .

First, we start with Green’s second identity. This is a relation holding for any two scalars

A and B: ∫
S

(A∇B −B∇A) · n̄ dS =

∫
V

(
A∇2B −B∇2A

)
· dV (8.11)

for a certain volume V , bounded by a surface S with normals n̄. For the derivation of

this identity, see for example [27]. Surface S may consists of more than one part. In our

situation, it will consist of a heart surface and a body surface, as in Figure 8.1.

No special conditions are required for A and B to hold, so let’s take A = Φ, the scalar

electric potential, and B = 1/r, with r the distance from an observation point o (located

in the volume V ) to the element of integration.

We can substitue this into equation 8.11, obtaining∫
S

(
Φ∇

(
1

r

)
−
(

1

r

)
∇Φ

)
· n̄ dS =

∫
V

(
Φ∇2

(
1

r

)
−
(

1

r

)
∇2Φ

)
dV (8.12)

Since the potential Φ satisfies the Laplace equation ∇2Φ = 0 (see equation 8.8), the

second term of the integral disappears, giving:∫
V

Φ∇2

(
1

r

)
dV =

∫
S

(
Φ∇

(
1

r

)
−
(

1

r

)
∇Φ

)
· n̄ dS (8.13)

where we switched the left-hand side of the previous equation with the right-hand side.

Next, we can split the integral of terms into two terms of integrals and subsequently

split each integral over a heart surface and a body surface, as in the following steps:∫
V

Φ∇2

(
1

r

)
dV =

∫
S

Φ∇
(

1

r

)
· n̄ dS −

∫
S

∇Φ · n̄ dS
r

=

∫
SH

ΦH∇
(

1

r

)
· (−n̄H) dSH −

∫
SH

∇ΦH · (−n̄H) dSH
r

+∫
SB

ΦB∇
(

1

r

)
· n̄B dSB −

∫
SB

∇ΦB · n̄B dSB
r

= −
∫
SH

ΦH∇
(

1

r

)
· n̄H dSH +

∫
SH

∇ΦH · n̄H dSH
r

+∫
SB

ΦB∇
(

1

r

)
· n̄B dSB −

∫
SB

∇ΦB · n̄B dSB
r

(8.14)
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Note that when splitting the integral over the whole surface into two separate integrals

over the heart and body surface as we did above, we should pay special attention to the

direction of n̄. As can be seen in Figure 8.1, n̄ is always directed out of the volume V ,

while we defined n̄H as out of the volume H (thus into the volume V ). Thus, at the

surface SH , it holds that n̄ = −n̄H , which introduces a negative sign in these integrals.

Then, due to the Neumann boundary condition from equation 8.9, ∇Φ · n̄B = 0 on the

body surface, eliminating the fourth term of equation 8.14. If we also multiply the left

and right-hand side with −1, then we obtain the following equation:∫
V
−Φ∇2

(
1

r

)
dV =

∫
SH

ΦH∇
(

1

r

)
· n̄H dSH −

∫
SH

∇ΦH · n̄H dSH
r

−∫
SB

ΦB∇
(

1

r

)
· n̄B dSB (8.15)

The reason for the multiplication with−1 is that we now have a solution to
∫
V −Φ∇2

(
1
r

)
dV .

Assume that we want to know the potential at a certain observer location o, then we

can take this Φo out of the integral and obtain as left-hand side of equation 8.15

− Φo

∫
V
∇2

(
1

r

)
dV (8.16)

for a certain location o. Now, we are going to use the fact that

∇2

(
1

r

)
= −4πδ(r) (8.17)

for any point r, where the delta function δ is defined as being zero everywhere except

where r = 0, in which case it is infinite. (See for a derivation of this equality a standard

work on this subject, e.g. [27], page 20.) Now, combining equation 8.16 with 8.17 yields

− Φo

∫
V
∇2

(
1

r

)
dV = −Φo

∫
V
−4πδ(r)dV

= 4πΦo

∫
V
δ(r)dV

= 4πΦo (8.18)

where the last step is justified by the fact that, by definition, the integral over the delta

function equals 1:
∫
δ(r)dV = 1 (see [27]).
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We now have redefined the left-hand side of equation 8.15. Combining this equation

with equation 8.18 yields a formula for the electric potential at an observation point o:

4πΦo =

∫
SH

ΦH∇
(

1

r

)
· n̄H dSH −

∫
SH

∇ΦH · n̄H dSH
r

−∫
SB

ΦB∇
(

1

r

)
· n̄B dSB

Φo =
1

4π

∫
SH

ΦH∇
(

1

r

)
· n̄H dSH −

1

4π

∫
SH

∇ΦH · n̄H dSH
r

−

1

4π

∫
SB

ΦB∇
(

1

r

)
· n̄B dSB (8.19)

Now, we are going to expand the term ∇
(

1
r

)
. By definition, r is the magnitude of a

vector from the observation point o to the location of the electrical source s:

r =
√

(xs − xo)2 + (ys − yo)2 + (zs − zo)2 (8.20)

Define ā as the unit vector from the source point s to the observation point o. Carrying

out the gradient operation ∇ we get (see [27] for more details):

∇
(

1

r

)
=

∂

∂x

(
1

r

)
āx +

∂

∂y

(
1

r

)
āy +

∂

∂z

(
1

r

)
āz

=
1

r2

[
(xo − xs)āx + (yo − ys)āy + (zo − zs)āz

r

]
=

ā

r2
(8.21)

However, ā points from the source point s to the observation point o, while actually

we are evaluating from a certain observation point o the integral over the whole surface

(that is, over all source points s). Thus, the use of a vector r̄ = −ā that points from the

observation point o to a source point s is more convenient. Combined with 8.21 we get:

∇
(

1

r

)
= − r̄

r2
(8.22)

which, together with 8.19 yields our final formula for obtaining the potential at a certain

observation point o between the heart surface SH that contains all electrical sources and

the surrounding body surface SB as in Figure 8.1:

Φo = − 1

4π

∫
SH

ΦH
r̄ · n̄H
r2

dSH −
1

4π

∫
SH

∇ΦH · n̄H
r

dSH

+
1

4π

∫
SB

ΦB
r̄ · n̄B
r2

dSB (8.23)

with Φo the potential at this observation point, ΦH the potential at the element of
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Figure 8.2: The solid angle Ω can be interpret as the area A intercepted on a unit
sphere by the rays r drawn to the periphery of a surface element (now shown here) in

three-dimensional space.

integration at the heart surface, n̄H the normal at this element of integration at the

heart surface, pointing outwards, ΦB and n̄H similarly, but then for the body surface, r̄

the unit vector pointing from the observation point o to the element of integration and

r the distance between the observation point and the element of integration.

In this formula, we recognize a solid angle. The solid angle, a measure for the two-

dimensional angle that an object subtends at a point in three-dimensional space as in

Figure 8.2, is defined as:

dΩ =
r̄ · n̄
r2

dS (8.24)

This allows us to rewrite equation 8.23 as:

Φo = − 1

4π

∫
SH

ΦHdΩH −
1

4π

∫
SH

∇ΦH · n̄H
r

dSH +
1

4π

∫
SB

ΦBdΩB (8.25)

Here, the first two integrals take into account the potentials and gradients of potential

(that is, the currents) that exist on the cardiac surface. As they are two distinct integrals,

they might suggest that they are not related, but in fact, the potentials and gradients

at the heart surface are not independent of each other [27]. The last integral reflects

that the potential at a point on the body surface is also influenced by all other locations

at the body surface. This might seem strange, but a little more thought elucidates this

matter. Indeed, the body surface represents the discontinuity between the conducting

torso and the nonconducting air. Accordingly, secondary electrical sources arise at this

surface and the potential of any surface location will depend on the field generated by

all such secondary sources. In general, this means that the body surface sources cause

the body surface potentials to be larger than they otherwise would be, by approximately

a factor of 2 or 3 [27].
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Equation 8.24 arises from field theoretic considerations, but integrals in there also have

another interpretation. The first two integrals can be thought to represent primary

sources, namely a double layer with its strength depending on the potential ΦH , as in

the first integral, and a single layer with its strength depending on the gradient of the

potential ∇ΦH , as in the second integral.

8.1.3 Finding the transfer matrix

It is important to recognize that the observation point o can be placed anywhere in the

volume V between the heart surface and the body surface. Because we want to find

a relation between the potentials at the heart surface and the potentials at the body

surface, a logical step would be to place the observation point arbitrary close to either

the heart or body surface, such that the corresponding potential almost equals that of

the surface point. Repeating this for all locations will lead to a set of simultaneous linear

equations relating the body surface locations to the heart surface locations that can be

expressed in matrix form [27]:

ΦB = AΦH (8.26)

Exact derivation of these linear equations can be obtained in several similar ways, as

described in [25, 29, 30]. Basically, the observation point is placed at each location

of the heart and body surface, then equation 8.25 is used to get an expression for the

potential at that location, and all resulting equations are combined into a matrix form.

Our approach is based on the well-known article by Barr, published in 1977 already [30],

combined with more recent techniques. Our implementation of the set of simultaneous

linear equations as derived by Barr will be explained in chapter 10.

8.2 Measuring errors

In our experiments, we will be reconstructing surface potentials. To asses the quality

of these reconstructions, we need a measure for determining how well our reconstructed

potentials match the original potentials. Therefore, let us define the relative error to

compare a set of known (correct) potentials with a set of reconstructed potentials as in

[31]:

RE =

√∑n
i=1(Φi

R − Φi
C)2∑n

i=1(Φi
C)2

(8.27)

where the Φi
R stands for the reconstructed potentials at electrode i and Φi

C for the

correct potentials at that electrode. We also define the normalized relative error, which
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is the relative error of the two normalized sets of potentials:

REnorm =

√∑n
i=1(Φ̃i

R − Φ̃i
C)2∑n

i=1(Φ̃i
C)2

(8.28)

where Φ̃i
R and Φ̃i

C now stand for the normalized reconstructed and correct potentials

respectively. Normalizing is done by dividing each potential by the standard deviation

of its set:

Φ̃i
set =

Φ̃i
set

std(Φ̃set)
(8.29)

with std(Φ̃set) denoting the standard deviation of the total set of potentials Φ̃set.
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Data and model description

For validation and experiments, we use several simple and more complex models and

data sets. Each model consists of a heart and a body surface. In some models, we

know the heart potentials and can apply our implementation of the forward problem to

calculate the body surface potentials. In other models, we know only the body surface

potentials. And in some, we know both, which means we can use those to validate our

methods.

In all models, the heart and body surface consist of vertices that are connected in such

a way that they span a surface of triangles that represents the heart or body surface,

see Figure 9.1. Each vertex can be assigned a certain electrical potential, which can be

visualized by coloring the surface accordingly.

−1
−0.5

0
0.5

1

−1
−0.5

0
0.5

1
−1

−0.5

0

0.5

1

Vertices representing a spherical heart

(a)

−1
−0.5

0
0.5

1

−1
−0.5

0
0.5

1
−1

−0.5

0

0.5

1

Interconnected vertices span the triangularized heart surface

(b)

−1
−0.5

0
0.5

1

−1
−0.5

0
0.5

1
−1

−0.5

0

0.5

1

 
Coloring the heart surface indicates the local epicardial potential

 
−1.5

−1

−0.5

0

0.5

1

1.5

(c)

Figure 9.1: A cloud of vertices can represent a heart (or body) surface, but the
location of the vertices only is not enough to reconstruct this surface, see subfigure
(a). We need a specification on how exactly the vertices should be connected to span a
surface; for this purpose, a triangulation is used and results in the surface of subfigure
(b). Now, each vertex can be assigned a certan electrical potential, which can be

visualized by coloring the surface accordingly, as in (c).
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9.1 The concentric spheres model

Our most simple model consists of two spheres, one representing the heart, and a bigger

one representing the body. These are either concentric, meaning that their centers are

at the same location, or eccentric, when the heart sphere is moved in a certain direction

within the body sphere.

In the concentric spheres model, the centers of the heart sphere and the body sphere

coincide. We can place an electric dipole at this center, which consists of two charges

of equal strength but opposite sign, placed at some distance from each other, thereby

generating a field of electrical potentials. When placed at the center of the heart and

body, a dipole results in a potential distribution across the corresponding surfaces.

These potentials can be computed analytically, which provides us with a set of analytical

data that can be used as golden standard for validation of our methods. For example,

we can use the analytically known heart surface potentials, apply the forward method

to obtain computed body surface potentials, and compare those to the analytically

known body surface potentials for validation. By reversing the process, using known

body surface potentials as a start, our inverse method yields reconstructed heart surface

potentials, which can be compared with the analytically known heart surface potentials.

The epicardial (heart surface) potentials can be determined according to the following

formula [30]:

Φi
H =

1

4πσ

p̄ · r̂iH
(rH)2

[
2rH
rB

+

(
rB
rH

)2
]

(9.1)

where Φi
H stands for the electrical potential at a certain point i at the heart surface, σ

is the conductivity of the heart (taken one in this experiment), p̄ is the dipole moment

(which indirectly is a measure for the strength of the dipole), r̂iH is a unit vector to our

point i and rB and rH are the radii of our body and heart spheres.

The analytical potentials at the body surface can be determined from the fact that

electrical potentials at a body surface, resulting from a centric dipole, are three times

the potentials from the same dipole in a homogeneous volume conductor of infinite extent

[30]:

Φi
B = 3

1

4πε

p̄ · r̂iB∣∣r̄iB∣∣2 (9.2)

where Φi
B is the electrical potential at a body surface location i, ε is the permittiv-

ity (taken one), r̂iB is a unit vector from the dipolse to our point i and
∣∣r̄iB∣∣ is the

corresponding distance to the dipole.
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Figure 9.2: A concentric spheres model with a heart radius of 1, a body radius of
4. A dipole with moment p̄ = (1 1 1) is placed at the center, and the corresponding

electrical potentials at the heart and body surface are analytically computed.

With these formulas, we can analytically obtain electrical potentials at heart and body

surfaces for our concentric spheres model. We can vary the size of the heart and the

torso to generate different types of geometry for our experiments. For an example of a

specific model and corresponding potentials, see Figure 9.2.

9.2 Eccentric spheres model

When the centers of the heart sphere and the body sphere do not coincide, the eccentric

spheres model applies. In this case, the heart sphere is moved relative to the body

sphere. This resembles the physiological case better than the concentric spheres model,

as the human heart is also not centered in the human torso.

However, for this case it is not possible to analytically determine the heart and body

surface potentials, as the symmetry of the concentric spheres model is lost and the

previously mentioned formulas do not apply. However, some basic experiments can still

be performed by applying the dipole distribution to the heart and visually inspecting

the corresponding body surface potentials that are computed with the forward method.

This will be described in more detail in subsequent chapters.
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Figure 9.3: Geometric model and potential data extracted from the ECGsim package.

9.3 ECGsim model

ECGsim is a simulation program to investigate ECGs, developed by Van Oosterom and

Oostendorp [32]. From this program, the geometrical data of heart and body could be

extracted, along with heart and body surface potentials for one heart beat, see Figure

9.3. These given potentials were used as reference to validate our own methods.

It should be noted, however, that the ECGsim package is a simulation program itself;

we should not pay too much value to the comparison with our own reconstructions, as

these simulations themselves could be not (entirely) correct. Furthermore, we now have

(simulated) data on one whole human heart beat available, which makes it possible to

investigate our methods for time series of more or less realistic data.

9.4 Geometrical and practical issues

Until now, we did not stress some important properties of the geometry of our models.

Each geometry is the combined set of a heart surface and a body surface, being very

simple, as in Figure 9.2, or more complex, as in Figure 9.3. A surface is represented by

vertices with a known (x, y, z) location in three-dimensional space, and a triangulation.

A triangulation is a description of the connections between the vertices. Each vertex

is connected with other vertices in such a way that the resulting surface is made of

triangles.
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Each vertex is considered a location where the potential is known. This means, that there

are NB body-surface vertices and NH heart-surface vertices. The number of triangles

connecting these vertices is typically some factors higher.
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Implementation of the forward

method

In section 8.1 we derived the forward model. For a model with a heart surface SH

and a body surface SB, we saw that Laplace’s equation should be solved. By doing so,

we ultimately obtained an expression for the electrical potential Φo at a location o the

volume between the two surfaces, see equation 8.25.

Now, assume there are NH locations at the heart surface of which we know the electrical

potential, and there are NB locations at the body surface where we want to compute

the resulting electrical potentials. We can obtain equations for those by placing our

observation point o at the ith location at the heart surface and the ith location at the

body surface. The following two equations relate either the body-surface potentials

respectively the heart-surface potentials to all other potentials:

Φi
B = − 1

4π

∫
SH

ΦHdΩi
BH −

1

4π

∫
SH

∇ΦH · n̄H
ri

dSH +
1

4π

∫
SB

ΦBdΩi
BB(10.1)

Φi
H = − 1

4π

∫
SH

ΦHdΩi
HH −

1

4π

∫
SH

∇ΦH · n̄H
ri

dSH +
1

4π

∫
SB

ΦBdΩi
HB(10.2)

where dΩi
B now stand for the element of the solid angle spanned by the surface-element

of integration (at the corresponding surface) from the ith observation point. Note that

the solid angle can both be from an observation point at one surface to an element of

integration at the other surface, as to an element of integration at the same surface.

The exact solid angle depends on the location of the observation point, which means

that the solid angle in the first term of equation 10.1 is different (namely, from body to

heart) from that of equation 10.2 (where it is from heart to heart). This is indicated

with the extra subscript. Furthermore, in this notation, ri reflects the distance from the

ith observation point to the element of integration.

51
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Placing all terms on the same side and taking similar ones together in brackets yields:(
− 1

4π

∫
SH

ΦHdΩi
BH

)
+

(
− 1

4π

∫
SH

∇ΦH · n̄H
ri

dSH

)
+

(
−Φi

B +
1

4π

∫
SB

ΦBdΩi
BB

)
= 0 (10.3)(

−Φi
H −

1

4π

∫
SH

ΦHdΩi
HH

)
+

(
− 1

4π

∫
SH

∇ΦH · n̄H
ri

dSH

)
+

(
1

4π

∫
SB

ΦBdΩi
HB

)
= 0 (10.4)

Now we can set up a discretization scheme for each of the terms as follows. We define

coefficients p and g such that they satisfy the following requirements. For equation 10.3

we get:

− 1

4π

∫
SH

ΦHdΩi
BH =

NH∑
j=1

pijBHΦj
H (10.5)

− 1

4π

∫
SH

∇ΦH · n̄H
ri

dSH =

NH∑
j=1

gijBHΓjH (10.6)

−Φi
B +

1

4π

∫
SB

ΦBdΩi
BB =

NB∑
j=1

pijBBΦj
B (10.7)

And for equation 10.4, we get:

− Φi
H −

1

4π

∫
SH

ΦHdΩi
HH =

NH∑
j=1

pijHHΦj
H (10.8)

− 1

4π

∫
SH

∇ΦH · n̄H
ri

dSH =

NH∑
j=1

gijHHΓjH (10.9)

1

4π

∫
SB

ΦBdΩi
HB =

NB∑
j=1

pijHBΦj
B (10.10)

In these equations, ΦB and ΦH represent the vectors of all body-surface or heart-surface

potentials. When a superscript is added, Φj
B and Φj

H reflect the potential at the jth

location at either the heart surface or the body surface, respectively. An element of the

solid angle dΩi
BH is determined from its observer location (the ith node in this case) at

a certain surface (here the body surface) to the element of integration (in this case an

element from the heart surface). The other solid angles are determined similarly.

The pijBH ’s (and similar for the other p’s and g’s) that result from a certain integral then

of course also reflect properties of an observer location at position i of the body surface,

and an element of summation (originally the element of integration) at location j of the
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heart surface. All p’s and g’s are coefficients whose values are determined on the basis

of geometry only, by either solid angles or gradients.

We can substitute the above implicit definition of the p and g vectors into equations

10.3 and 10.4, obtaining a vector notation for our simultaneous linear equations:

NH∑
j=1

pijBHΦj
H +

NH∑
j=1

gijBHΓjH +

NB∑
j=1

pijBBΦj
B = 0 (10.11)

NH∑
j=1

pijHHΦj
H +

NH∑
j=1

gijHHΓjH +

NB∑
j=1

pijHBΦj
B = 0 (10.12)

We can further simplify these by noting that each term is a sum of products of individual,

subsequent elements of the vectors. This is the definition of multiplication of two vectors,

thus we can write each term as a vector multiplication and obtain:

piBHΦH + giBHΓH + piBBΦB = 0, ∀i ∈ {1, 2, · · · , NB} (10.13)

piHHΦH + giHHΓH + piHBΦB = 0, ∀i ∈ {1, 2, · · · , NH} (10.14)

Remember that we have NB (the number of body-surface locations) equations of type

10.13, since i runs from 1 to NB. Similarly, there are NH equations of type 10.14. We

can combine those sets of equations and write them as a matrix system:

PBHΦH +GBHΓH + PBBΦB = 0 (10.15)

PHHΦH +GHHΓH + PHBΦB = 0 (10.16)

where each P and G result from the combination of the successive separate equations.

By inspecting the equations, we see that the P ’s are coefficients for potentials Φ at either

the heart or body surface, and the G’s are coefficients for the normal components of the

potential gradients ΓH at the heart surface. This is a very nice property, as this means

that all our coefficients are independent of the potentials.

However, this also means that we not only have to use the potentials Φ as a input to

our system, but also explicitly the potential gradients ΓH at the heart surface. Luckily,

we can eliminate ΓH by solving from equation 10.16:

ΓH = G−1
HH (−PHBΦB − PHHΦH)

= −G−1
HH (PHBΦB + PHHΦH) (10.17)

For this, we need the inverse ofGHH , which should be no problem, as it is a square matrix

(with NH rows and columns) of full rank. When substituting this result into equation

10.15 and rearranging the results we obtain a nice relation between the potentials at the
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heart surface and the potentials at the body surface:

0 = PBHΦH +GBH
(
−G−1

HH (PHBΦB + PHHΦH)
)

+ PBBΦB

0 = PBHΦH −GBHG−1
HH (PHBΦB + PHHΦH) + PBBΦB

0 = PBHΦH −GBHG−1
HHPHBΦB −GBHG−1

HHPHHΦH + PBBΦB

0 =
(
PBH −GBHG−1

HHPHH
)

ΦH −
(
PBB −GBHG−1

HHPHB
)

ΦB

ΦB =
(
PBB −GBHG−1

HHPHB
)−1 (

GBHG
−1
HHPHH − PBH

)
ΦH

ΦB = AΦH (10.18)

Finally, we have obtained our linear relation ΦB = AΦH , relating the heart-surface

potentials with the body-surface potentials by means of transfer matrix A. We now also

know how matrix A is defined, namely:

A =
(
PBB −GBHG−1

HHPHB
)−1 (

GBHG
−1
HHPHH − PBH

)
(10.19)

where the P and G matrices are as defined by our discretization scheme mentioned

above.

The above results are the same as the derivations made by Barr in 1977, see [30]. Also

Horáček et al. [29] derived similar results. They also present methods to obtain the

geometrical coefficients for the P and G matrices, some of which will be discussed in the

following sections.

10.1 Finding the coefficients of the transfer matrix

The discretization scheme defined by equations 10.5 to 10.8 provides a method to de-

termine the coefficients of the elements of the P and G matrices, and thereby indirectly

also those of the transfer matrix A. We followed the method described by Barr [30]

to obtain those coefficients. We will not go into too much detail here, as their article

elucidates this process quite thoroughly.

Each of the equations of our discretization scheme has a basic form: for each vertex i,

an integral over either a solid angle or a gradient is set equal to the coefficient vector p

or g multiplied with a potential or gradient vector. In general, it is impossible to make

the right-hand side of the discretization equations equal to the left-hand side. Therefore,

Barr tries to approximate the elements of the corresponding P and G matrices as good

as possible.
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A first step is to divide the integrals in two parts: a part that integrates all vertices

that lie close to the observation point, and a part that integrates all vertices that lie

far from the observation point. A vertex is considered “close” when it is adjacent to

the observation vertex. Then, the close region integral can be computed from a simple

product over all close triangles, while the far region integral consists of a product over

all “far” triangles.

However, we do not know the electrical values (potential or gradient) at a triangle, but

we only know the values at the vertices of that triangle. A simple approximation is to

assume that the electrical value of the triangle is the average of the values at the vertices

of that triangle.

These steps result in a general method for obtaining the coefficients of a P or G matrix,

by evaluating a summation over close and distant triangles, involving either solid angles

(for the P matrices) or gradients (for the G matrices). For each of the P and G matrices,

Barr [30] describes a specific approach to apply the general method for that specific

matrix, which can then be combined to obtain the transfer matrix A with use of equation

10.19. We will not repeat those methods here, as they are quite straightforward and are

described good enough. We will, however, briefly describe the most important parts,

namely the computation of the solid angle and the computation of the integral dS/r

needed for the gradient.

10.1.1 Computation of the solid angle

Evaluating the discretization scheme for the P matrices requires the computation of

solid angles. The idea behind the solid angle was explained in Figure 8.2. We did not

implement the Barr method for computing solid angles, as it is sensitive to numerical er-

rors. Van Oosterom et al. published an alternative method [33], that is computationally

more stable and faster.

They presented an efficient formula for calculating the solid angle at an observation point

o subtended by the triangular surface ABC where ā, b̄ and c̄ are the vectors spanning

that triangle:

tan

(
1

2
Ω

)
=

[ā b̄ c̄]

abc+ (ā · b̄)c+ (ā · c̄)b+ (b̄ · c̄)a

where [ā b̄ c̄] = ā · (b̄× c̄) is the triple scalar product. That means that we can find the

solid angle with:

Ω = 2 arctan

(
[ā b̄ c̄]

abc+ (ā · b̄)c+ (ā · c̄)b+ (b̄ · c̄)a

)
(10.20)
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The ordering of ā, b̄ and c̄ ensures that the sign of the solid angle automatically switches

when the observation point moves from one side of the plane of the triangle to the other,

as is required.

10.1.2 Computation of the gradient integral

Computing the geometrical part of the gradient involves integrating over the distance

r to an arbitrary placed triangle. For example, for a vertex i at the body surface and

triangle k at the heart surface, we would need to evaluate the following equation∫
Sk
H

dSH
riH

In obtaining the result, we used some simplifications, described in appendix III of [30].

Basically, a solution is known when we have a pie-shaped area instead of a triangle,

and our observation point is positioned perpendicular to this area. However, the pie-

shaped area can be approximated very well by a triangle. In that case, the assumption

of perpendicularity generates an approximated solution in the general case, but an exact

result in the case where the distance to the triangle is zero (and the value of the integral

is largest). In other words, it gives the best result in the most important case.

10.2 Implementation

In section 8.1, we derived an equation for obtaining the electrical potential in the body

torso. In this chapter, we derived a linear relation ΦB = AΦH that relates the heart-

surface potentials to the body-surface potentials by means of a matrix A that is only

dependent on the geometry, and not on the potentials at the body or heart surface. In

addition, we briefly described methods to find the coefficients of this transfer matrix,

based on [30].

After this theoretical development, we implemented the algorithms as described above

to obtain the transfer matrix A. Implementation was done in the mathematical de-

velopment software MATLAB R© (The MathWorks, Inc., Natick, MS, US). Extensive

validation was performed, which is described in the next chapter.

It should be noted that other approaches to the forward problem of electrocardiography

have been pursued. For example, Horáček [29] has derived very similar results. Stenroos

[34, 35], on the other hand, tried to present the problem in terms of residual mini-

mization, in order to be able to apply other methods for discretization, for example the
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Galerkin method. He also compared different methods, but did not find very remarkable

differences between them.

Therefore, we focused only on the method described here. In our development environ-

ment, we created software for processing data, representing geometries and computing

the associated transfer matrix. Also, methods for visualizing and comparing results of

experiments were written. The following chapter will describe the results of the valida-

tion of the forward methods we have described thus far.



Chapter 11

Validation of the forward

implementation

In this chapter we will describe the validation of our implementation regarding the

forward problem. For this, we used the concentric and eccentric sphere models, and the

ECGsim model, described in Chapter 9.

11.1 Concentric spheres model

The most reliable validation we can perform is with the concentric spheres model, be-

cause we can use physical laws to calculate both the heart-surface potentials and body-

surface potentials that result from a dipole placed at the center of the spheres, as de-

scribed in section 9.1. In Figure 11.1, we placed a dipole with moment p̄ = (1 1 1) at

the center and analytically determined the resulting potential distribution.

Next, we applied our forward algorithm to the analytically computed heart-surface po-

tentials to obtain reconstructed body-surface potentials. Those reconstructed body-

surface potentials were compared to the analytically computed body-surface potentials

to validate the algorithm. In Figure 11.2, both known and reconstructed potential dis-

tributions are shown. From the scale of the coloring, we can see that the reconstructed

potentials are too high in amplitude. Their distribution, however, seems to be correct.

This is confirmed in Figure 11.3, where we normalized the potentials and see a perfect

fit between the distribution of the known and reconstructed potentials.

When we look at the relative error, as defined in section 8.2, we indeed see that this

mismatch is very high: 32.3. This confirms that the potentials are, at least in magnitude,

58
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Figure 11.1: A concentric spheres model with a heart radius of 1, a body radius of
4. A dipole with moment p̄ = (1 1 1) is placed at the center, and the corresponding

electrical potentials at the heart and body surface are analytically computed.

Figure 11.2: A comparison between the analytically known body-surface potentials
(left), and the forward computed body-surface potentials (right), when a dipole with
moment p̄ = (1 1 1) is placed at the center. It can be seen that the distribution of the
reconstructed body-surface potentials fits the known potentials perfectly. Note from

the color scale however, that their amplitude is too high.

incorrect. However, the relative error of the normalized sets indeed confirms that the

distributions fir perfectly, as this normalized relative error is only 0.002.

Thus, although the forward computed potentials are too high, their distribution perfectly

fits the analytical distribution. Because this phenomenon was not described in the

original article by Barr [30], we must assume that this is a defect in our implementation.

However, we should also note that in practice, we are not interested in amplitudes at

all, but only in the distribution. Nevertheless, extensive analysis of this defect was

performed and is described in the following subsection.
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Forward computed body surface potentials

Figure 11.3: This figure shows both the analytically determined body-surface po-
tentials, and the forward computed body-surface potentials, at each of the 42 virtual
body-surface “electrodes”. The ordering of the vertices (or electrodes) is arbitrary.
Both potential distributions are normalized by dividing them by their standard devi-
ation, because we know that the reconstructed potentials are too large in amplitude.
Therefore, we are mainly interested in their distribution, which by this figure perfectly

fits the analytically known potentials as both graphs match exactly.

Figure 11.4: Same as Figure 11.2, but now with a dipole twice as strong (dipole
moment p̄ = (2 2 2)). This results in analytical potentials twice as strong, but also the
forward computed potentials are twice as strong, as can be seen from the color scale

and more in detail in Figure 11.5.

11.1.1 Investigation of the scaling defect

First, note from Figures 11.4 and 11.5 that making the dipole twice as strong results

in forward computed potentials that are also twice as strong, as should be the case.

Thus, at least the scaling defect is consistent with the potential amplitudes being used:

small source potentials will be reconstructed as (relatively) small potentials and large

source potentials will be reconstructed as (relatively) large potentials. This means,

that essential phenomena that depend on potential amplitude can still be extracted

by investigating their “relative” amplitude. Or, in other words, when using a certain

geometry, the scaling defect is a constant factor, independent of what potentials are

actually applied.
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Figure 11.5: When we make the dipole twice as strong, the forward reconstructed
potentials at the body surface are also twice as strong, as is expected.

Next, we investigated the dependency of the scaling defect on different geometries. In

the first case, we scaled the heart and body spheres by the same factor. Thus each

geometry is congruent to the others except for a scaling factor. This should result in a

relative decrease of potential amplitudes, but no other essential changes. As Figure 11.6

shows, the scaling defect decreases as the spheres get scaled up. The figure also shows

that we can fit a logarithmic function to this error. Since absolute (and not relative)

distance is the only thing that differs between the geometries, these findings suggest that

the scaling defect is somehow logarithmically related to the distance between geometrical

subparts, as this absolute distance is the only thing that differs between the geometries.

On the other hand, these findings rule out the location of the scaling defect in our

implementation of the solid angle computations. After all, scaling up both heart and

body sphere with the same factor does not change any solid angle within this geometry.

(This was checked experimentally.) Indeed, this is due to the definition of a solid angle,

as it is an angle in three-dimensional space and angles do not change when scaling the

geometry. Thus, we can cross out the solid angle implementation as a source of this

defect.

The suggestion that the scaling defect is logarithmically related to the distance between

all geometrical subparts is strengthened by Figure 11.7. This figure shows that when

we keep the heart sphere at a fixed size and make the body sphere larger, the scaling

defect increases (or: multiplication factor decreases).

We now have established the hypothesis that the deficit might be (logarithmically) re-

lated to distance between vertices. If we rule the solid angle, the only other location

where distance is explicitly involved is the computation of the integral
∫
dS̄
r̄ . To investi-

gate this possibility, we used an alternative computation of this integral, where we added

an extra distance factor. This alternative computation had no physical or mathematical
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Figure 11.6: This plot shows the scaling defect for several similar geometrical sets of
concentric heart and body spheres. Both heart and body sphere are multiplied with the
same scaling factor (shown on the horizontal axis) to obtain a new but similar geometry.
Of all these geometries, the associated forward multiplication error is shown (red stars)
on the vertical axis. This multiplication factor is needed to obtain the correct solution.
Thus, a value of 1 is optimal here, since in that case we have the correct amplitudes
compared to the analytically known amplitudes. A multiplication factor of less than 1
means that our reconstructed potentials are too high and should be multiplied with a
number below 1 to get the smaller correct potentials. As can be seen from the plot,
the multiplication factor increases when we scale the original geometry up. We can fit
a logarithmic equation to it, which suggests that the defect is somehow logarithmically

related to the distance between geometrical subparts.

foundation and was only to investigate the influence of any changes to the computation

of this integral. From Figure 11.8, we see that this alternative implementation, although

not based on any physical grounds, improves the results.

This suggests that the defect might be in our original implementation of the computation

of the integral, although we did follow the original Barr [30] implementation as close as

possible. Careful investigation of our implementation did not yield any useful results.

For the sake of time, we decided to postpone the investigation of the source of the

scaling defect. This decision is supported by the fact that the reconstruction yields

correct potential distributions, which in fact are far more important than the exact

potential amplitudes.
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Figure 11.7: This Figure is similar to Figure 11.6, but now, the heart and body
(torso) spheres are scaled independently of each other. The vertical axis again shows
the multiplication factor needed to obtain the correct solution. From this figure, we see
that when we vary the radii of the heart sphere and torso sphere independently of each
other, the scaling factor is not consistent. We see that the error gets larger (that is,
the multiplication factor lower) when the body sphere gets larger relative to the heart

sphere.

11.2 Eccentric spheres model

Now that we have established that the potential distributions are perfectly computed in

the concentric spheres model, we can increase the complexity of our model by moving the

heart sphere out of the body-spheres center. However, we have no analytical formulas for

computing the resulting body-surface potentials. Thus, we can reconstruct body-surface

potentials from some dipole distribution on the heart surface, but cannot compare this

to analytically known body-surface potentials.

However, if we move the heart sphere in a certain direction within the body sphere, the

resulting body-surface potentials should be more pronounced in that direction. Indeed:

when a charge is more close to the right than left part of the body surface, the largest

potential amplitudes should be visible on the right side of the body surface too. Sim-

ulations confirmed this finding, as is shown in Figure 11.9, where it can be seen that

the potentials are larger on the right than on the opposite side of the body. This is
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Figure 11.8: This figure is the same as Figure 11.7 (now as dotted lines), but now

with the results of an alternative computation of
∫

dS̄
r̄ superimposed as solid lines. It

can be seen that this improves the results, which suggests that the defect might be in
our original implementation of this integral.

more clearly confirmed in Figure 11.10, where we can see the heart and body-surface

potentials separately.

In another experiment we performed the same procedure, but know with a dipole twice

as strong. As expected, this yielded the same results, but with body surface amplitudes

twice as high. Those results are not shown here.

When the sphere is moved only half as far as the previously used direction, one would

expect the body-surface potentials to be more spread out over the whole body surface.

This is confirmed by Figure 11.11. In the end, we can conclude that all these experiments

fit the physical predictions.

11.3 ECGsim model

From the ECGsim program, we extracted geometry and simulated heart and body-

surface potentials. When we apply the forward method to these heart-surface potentials,

we can compare our reconstructions with the original body-surface potentials. Because

we have a time series of data available (together forming a heart beat), we can have a

look at several time instants. Figure 11.12 shows the original and reconstructed body-

surface potentials at several time instants around the QRS peak. Again, the potentials
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Figure 11.9: An eccentric spheres model with a heart radius of 1 unit, a body radius
of 4 units and the heart moved 2 units in the direction of the x axis. A dipole with
moment p̄ = (2 2 2) is placed at the center of the heart, and the corresponding electri-
cal potentials at the heart surface are analytically computed. No analytical potentials
were known, but the forward potentials are reconstructed from the heart-surface po-
tentials with our forward method. The figure shows the heart-surface potentials and

reconstructed body-surface potentials as colors.
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Figure 11.10: Heart and body surfaces in the eccentric spheres model. The heart-
surface potentials are analytically computed from a dipole at its center. The corre-
sponding body-surface potentials are not known, but can be reconstructed with the
forward method. As expected, in the direction of movement (i.e., to the right and front
in this image), the body-surface potentials are the most influenced by the heart-surface

potentials.

are too high, as we would expect from our scaling defect, but the distributions seem to

fit quite well. In most cases, the same features can be observed in both images.

The normalized relative error can be calculated at each time instant, to compare the

(normalized) reconstructed potentials with the (normalized) original potentials, see Fig-

ure 11.13. Because there is no perfect match of the distributions, we see that the

normalized relative error can be quite hight. In other words, this error function might

not be a good measure for more complex geometries and complex distributions, as a

small shift in distribution already increases the relative error significantly.
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Figure 11.11: Similar to Figure 11.10, but now with the heart sphere only moved
half as far. As expected, the resulting reconstructed body-surface potentials are less

concentrated in the movement direction.

We should bear in mind, however, that the “original” potentials are simulated them-

selves. Thus, although we can clearly see some matches and a few mismatches, care

should be taken when interpreting this as erroneous, as the original data might be

flawed themselves.

11.4 Conclusion on the validation of the forward method

In conclusion, when we apply our forward method to heart-surface potentials and a

certain geometry, the reconstructed body-surface potentials are too high in amplitude,

but their distribution in general fits the expected distributions well. Thus, our forward

method is valid, when we look only at distributions and not at amplitudes. As amplitudes

are not relevant, the method is useful for obtaining forward reconstructions. Therefore,

it will also be useful as a basis for our inverse reconstructions.
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Figure 11.12: At time instants t=4, 6, 8 and 10 (corresponding to time instants of
the QRS complex), both the original (left column) and our reconstructed potentials
(right column) are shown. It can be seen that the same features can be extracted from

our reconstructions and from the original images.
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Figure 11.13: The normalized relative error during a whole heart beat for the ECGsim
model and our reconstructions. The relative error can be quite high due to a non-perfect
match between distributions. But if we take that into consideration, the normalized

relative error is not extremely high, ranging from 50% to 150%.



Chapter 12

Regularization of the inverse

problem

Until now, we have talked mainly about the forward problem of electrocardiography:

computing body-surface potentials from heart-surface potentials. However, in practice

we will not have heart-surface potentials, but can easily obtain body-surface potentials.

Since cardiologists are mainly interested in heart-surface potentials, we actually want to

compute those from body-surface potentials, the opposite of what we have been doing so

far. This problem of reconstructing heart-surface potentials from body-surface potentials

is called the inverse problem of electrocardiography.

As J.B. Keller explained [36], two problems are each others inverses if “the formulation

of each involves all or part of the solution of the other”. Often, one problem is much

more investigated than the other, since it is easier or more fundamental. This more

investigated problem, called the direct problem, is physically oriented along a cause-

effect sequence. Indeed, in our case the forward problem of electrocardiography follows

the propagation laws of physics. The inverse problem, on the other hand, tries to

determine the cause from the effect, as in our inverse problem of electrocardiography.

However, like many inverse problems, this inverse problem of electrocardiography is

ill-posed, meaning that a small disturbance in the data can yield completely different

reconstructions. More formally, when our forward problem is ΦB = AΦH , we can

compute one, and only one, solution to our algebraic inverse problem ΦH = A−1ΦB,

but this solution is physically unacceptable. Thus, small oscillating data produce large

oscillating solutions; and since data are always noisy, our reconstructions are probably

inaccurate. The physically acceptable solution we would like to obtain is actually the

solution of an approximation of the problem.

69



Chapter 12. Regularization of the inverse problem 70

However, the solutions to our approximated problem constitute a very broad spectrum

of completely different solutions, for the same reason the problem exists: small changes

in the approximated starting data will yield big changes in the solution. Thus, we need

a criterion for selecting correct solutions.

An appealing approach for selecting a criterion is to let this criterion be inspired by

physical laws. Indeed, when we know certain physical properties that the solution should

exhibit, we can use these as criteria. For example, reconstructed heart-surface potentials

will not have amplitudes of many million volts, so the amplitude of the potentials could

serve as a criterion. Another criterion could take spatial continuity into account: we do

not expect potentials to be completely different at two nearby locations. Thus, a priori

information about the solution can serve as a criterion for regularizing the solution into

the most realistic direction.

The idea behind regularization is to get the best solution out of the set of approximate

solutions, depending on a parameter called the regularization parameter. One impor-

tant property is that, when we have noise-free data, the family of approximate solutions

should converge to the exact solution, when the regularization parameter tends to zero.

When we have noisy data, as is the case in real world applications, an optimal ap-

proximation of the exact solution can be obtained for an optimal non-zero value of the

regularization parameter [36]. How to select this optimal value for the regularization

parameter can be a problem in itself and will also be discussed in the following sections.

12.1 The inverse problem is indeed ill-posed

Before diving into the different regularization techniques, we should check whether the

inverse problem of electrocardiography is indeed ill-posed. In 1972 already, Martin and

others showed that it is not feasible to determine heart-surface potentials from body-

surface potentials by using unconstrained (that is, unregularized) solutions [37].

An example by Rudy et al. [25] shows the numerical problems associated with compu-

tations involving ill-conditioned matrices, such as the transfer matrix A. First of all,

let us introduce a measure for the severity of the ill-conditioning based on the condition

number of matrix. The condition number of a matrix is defined as the ratio between the

largest eigenvalue of that matrix, and the smallest eigenvalue. The higher the condition

number, the more ill-posed the problem is.



Chapter 12. Regularization of the inverse problem 71

For example, a transfer matrix

A =

(
1.000 2.000

1.001 2.000

)

with the corresponding eigenvalues λ1 = 3 and λ2 = 0.00067, has condition number

λ1/λ2 = 4500, which represents a moderately ill-conditioned system. Now assume that

the real body-surface potentials are Φreal
B = (5.000, 5.001), then applying the (non-

regularized) inverse method yields the following real heart-surface potentials:

Φreal
H = A−1Φreal

B =

(
1.000

2.000

)

But, due to noise, we will never measure the body-surface potentials exactly correct.

Assume that the first electrode measures a 0.02% perturbed potential, such that the

measured body-surface potentials equal Φmeasured
B = (4.999, 5.001). Then the resulting,

inversely reconstructed, heart-surface potentials are:

Φmeasured
H = A−1Φmeasured

B =

(
2.0000

1.4995

)

The heart-surface potentials reconstructed from the real body-surface potential thus

differ drastically from the potentials reconstructed from only slightly different body-

surface potentials.

While in this example, a 0.02% change in the input data results in a 25%-100% change

in the output data, the matrix A was not that ill-conditioned, with a condition number

of only 4500. However, our concentric spheres model, in its simple form, has a condition

number of already 9000, the eccentric spheres model a condition number of 43000, and

our more realistic ECGsim model has a condition number of 58000. Furthermore, real-

world noise will be larger than 0.02%. Combined, this means that we will not be able

to obtain realistic inverse reconstructions for real-world situations without imposing

additional constraints.

Indeed, Figures 12.1 and 12.2 show that in our implementation, applying the inverse

method ΦH = A−1ΦB, without any regularization, is not sufficient to obtain realistic

reconstructions. To simulate real-world circumstances, we added 10% additive white

gaussian noise to the body-surface potentials that serve as input to our inverse method.

The figures stress the need for regularization techniques to obtain a more realistic solu-

tion.
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Figure 12.1: A comparison between the analytically known heart-surface potentials
(left), and the inversely reconstructed heart-surface potentials (right) in the concentric
spheres model. We applied the reconstruction ΦH = A−1ΦB without any regularization.
A little noise (10%) was added to the analytically known body-surface potentials to
simulate real-world noise. It can be seen that the reconstructed potentials do not fit
the original potentials at all, due to the ill-posed nature of the inverse problem. This

result stresses the need for regularization techniques.
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Figure 12.2: This figure shows even better that the inversely reconstructed, non-
regularized potentials, even when normalized, do not fit the original distribution at

all.

12.2 Selected regularization methods

Now that we have seen that our models are ill-posed and require regularization methods,

we can look at specific types of those methods. The current implementation of Rudy’s

ECGI uses spatial [38] and temporal [39] regularization. For our implementation, we will

focus on two types of spatial regularization. In other words, we will not take temporal

regularization into account for now.

The first, and most widely accepted type of regularization is Tikhonov regularization

[40]. This method rewrites the problem ΦB = AΦH as a linear least squares problem

where we want to minimize the residual ‖AΦH − ΦB‖2. However, only using the least

squares method is not sufficient, because the matrix A is also ill-conditioned and the
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solution to the least squares problem is not unique. An extra constraint involving

the least squares solution ‖ΦH‖2 is added to minimize the norm of the solution, thus

preferring “lower-valued” solutions.

The other method is based on the generalized minimal residual (GMRes) method. This

method tries to prevent the smoothing that can result from Tikhonov regularization. It

is an iterative method to find the solution to a system of linear equations, where again

a residual is to be minimized. Where Tikhonov used the least squares residual of the

problem, GMRes focuses on what potentials ΦH are allowed in the solution to minimize

this residual.

Both types of regularization will be discussed in more detail in the following sections.

They share one problem, namely determining the optimal value for the regularization

parameter, that in the Tikhonov method determines the weight of the constraint, and in

the GMRes method determines the number of iterations. For both methods, the choice

of the regularization parameter greatly influences the results, and a separate section is

dedicated to this problem.

12.2.1 Tikhonov regularization

With Tikhonov regularization, the problem of solving an ill-posed system of linear equa-

tions Ax = b is replaced by the following minimization problem:

x = arg min
x

{
‖Ax− b‖2 + λ ‖Rx‖2

}
(12.1)

for some suitably chosen regularization parameter λ > 0 and some suitably chosen

Tikhonov matrix R. ‖·‖ denotes the Euclidian norm. The Tikhonov matrix R deter-

mines on what properties of x we actually impose a bound. When R = I (the identity

matrix), then we impose a bound on the amplitude of the solution, called a zero-order

Tikhonov regularization. Taking R = ∇ (the discretized gradient operator), we impose a

bound on the amplitude of the first derivative of the solution, called first-order Tikhonov

regularization. When R = ∆ = ∇2, the Laplace differential operator, then we impose

a bound on the second derivative of the solution, not surprisingly called second-order

Tikhonov regularization.

In other words, Tikhonov regularization tries to find x as a best fit to the least-squares

solution to the inverse problem, but with an extra penalty on the norm of (a derivative

of) the solution x. The weight of this extra penalty is determined by the regularization

parameter λ.
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The regularization parameter determines the trade-off between the “naive” least squares

solution with residual norm ‖Ax− b‖2 and the weight of the penalty function on the

solution norm ‖Rx‖2. A higher value for λ results in damping of the solution, which is

necessary to restrict the drastically oscillating solutions in a realistic direction. However,

with λ too high, too much damping is induced, an the fit to the given data b will not

be proper. The resulting residual norm will be too large. If, on the other hand, λ is too

small, too little regularization is imposed, and the solution will be dominated by the

contributions from the data errors. The resulting solution norm will be too high.

Thus, the regularization parameter λ should be chosen such that a balance is found

between the residual norm and the solution norm. This optimal value for λ depends on

the given data b and cannot therefore be chosen equal for all applications. A separate

section is devoted to the optimal choice of this regularization parameter.

When we haven chosen an optimal λ, a direct solution to the Tikhonov minimization

problem 12.1 is given by [25, 40]:

(
ATA+ λRTR

)
x = AT b

x =
(
ATA+ λRTR

)−1
AT b (12.2)

12.2.1.1 Applying Tikhonov to our case

Now, if we apply the Tikhonov theory to our problem, we would like to find a solution

for ΦB = AΦH where we know ΦB and want to obtain ΦH . Then, applying the theory

from above, we get [31]:

ΦH = arg min
ΦH

{∥∥A−1ΦH − ΦB

∥∥2
+ λ ‖RΦH‖2

}
(12.3)

In this formulation, R is either:

• the unit matrix (Tikhonov zero-order); minimizing the absolute value of the po-

tentials

• the surface gradient operator (Tikhonov first-order); minimizing the spatial deriva-

tive of the potentials. In other words, the curvature of the solution should not be

too steep.

• the surface Laplacian operator (Tikhonov second-order); minimizing the second

spatial derivative of the potentials. In other words, the potentials should not

change too quickly in the spatial dimension.
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All of the above characteristics are physical properties of heart-surface potentials, and

therefore could serve as regularization penalty.

The first term of equation 12.3 represents the least-square solution of the inverse problem,

based on the residual norm
∥∥A−1ΦH − ΦB

∥∥. The second term imposes bounds on the

amplitude of the solution (or one of its derivatives), the solution norm ‖RΦH‖. The

value of λ controls the degree of the imposed constraint. When λ is small, the first

term dominates, giving the least-squares solution priority. A larger value of λ makes the

solution more constrained. The best choice for λ balances accuracy and stability of the

solution.

The direct solution to problem 12.3, according to 12.2, is:

ΦH =
(
ATA+ λRTR

)−1
ATΦB (12.4)

This equation yields a regularized solution of the inverse problem, as long as we find an

optimal value for the regularization parameter λ. The L-curve method is a method for

obtaining an optimal value for this parameter and is described in a subsequent section.

Essentially, we want to find the point where an increase in the residual norm (due to

less regularization) is not satisfactorily accompanied by a substantial decrease in the

solution norm.

Previous research has shown that, for the problem of electrocardiographic imaging, the

specific choice for R = I, R = ∇ or R = ∆ does not have a large impact on the solution

[25]. This is partly because the associated physical properties are consistent with each

other; combining or changing the choice of R is therefore not likely to improve the results

very much. However, more recent studies [34, 41] suggest that the choice may still have

impact and further research is required in order to determine its importance for our

data. For the current research, we will take R = I, applying Tikhonov zero order.

12.2.2 Generalized minimal residual regularization

The other regularization method we investigate is the generalized minimal residual

(GMRes) method. Tikhonov regularization can sometimes reduce spatial resolution

by smoothing and is dependent on a priori information of the solution characteristics.

Ramanathan and others applied the GMRes method in order to by-pass these problems

[38].

The iterative numerical method of GMRes has been successfully employed in solving ill-

posed problems in the area of image-processing. The method does not impose constraints
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and therefore does not require a priori information. However, we do need to make a

suitable choice on when to stop the iteration of the method.

The properties of the GMRes method are quite different from those of the Tikhonov

method. This makes it a suitable complementary (independent) method for obtaining

inverse reconstructions. In other words, when both methods independently give similar

results, this is a strong indication that the results are free of artifacts resulting from the

ill-posed nature of the problem.

Let us again start with a linear system of equations Ax = b, but now with matrix A

being square. Then we want to obtain x given A and b. Now define a Krylov subspace

of order r as the linear subspace spanned by the images of b under the first r powers of

A:

Kr(A, b) = span {b, Ab,A2b, . . . , Ar−1b}. (12.5)

Then the GMRes method determines for an arbitrary value of r ≥ 1 the solution xr ∈
Kr(A, b), such that it satisfies

xr = arg min
xr∈Kr(A,b)

‖Axr − b‖

In other words, it approximates the solution by a vector xr that is in the Krylov subspace

and that minimizes the norm of the residual Axr − b [42].

For more information about the algorithm that computes this projection of the inverse

matrix, see [42, 43]. Basically, at iteration r, it applies the Arnoldi iteration to find

an orthonormal basis of Kr(A, b), whose vectors are stored as columns in a matrix Qr.

The rth reconstruction xr then is a weighted combination of the vectors of this basis,

written as xr = Qryr. The weights yr are determined such that the residual ‖Axr − b‖
is minimized. Or, more formally, the orthonormal basis matrix Qr defines an upper

Hessenberg matrix Hr by

Hr = QTr AQr

which means that we can determine the residual ‖Axr − b‖ according to

‖Axr − b‖ = ‖Hryr − b‖

Now, we have reduced the problem to finding the weights yr such that the residual

‖Hryr − b‖ is minimized. If the resulting residual is small enough, we can stop, otherwise,

we continue with a new iteration [43].

Note that in this short explanation we have omitted a lot of details. More information

can be found in the paper by Saad introducing the GMRes method [43]. The algorithm
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we used implemented by Hansen at al. [44], who based his implementation on [42].

12.2.2.1 Applying GMRes to our case

Several practical issues have to be solved when we want to apply the above theory to

our case. Our transfer matrix A is in general not square, as the number of body-surface

electrodes usually is not equal to the number of reconstruction points on the heart-

surface. We can overcome this problem by considering the problem ATΦB = ATAΦH ,

instead of using the problem ΦB = AΦH . These problems are equal, but now ATA is

square, which allows us to apply the GMRes method.

With each iteration of GMRes, the Krylov subspace is extended. With the number

of iterations increasing, the subspace approaches the whole space, which means that

amplified noise components start being included in the solution [38]. In other words, we

need to stop the iterations at a suitable moment, such that the solution is stable with

minimal contamination from amplified noise components.

Consider the upper Hessenberg matrix Hr at iteration r. This matrix reflects our current

projection of the inverse of A into our Krylov subspace. With each iteration, this

projection will result in a better fit, but it will also become more and more ill-conditioned.

This is reflected by the condition number of Hr increasing when r becomes larger. On

the other hand, with r increasing, the norm of the residual decreases. We could plot the

condition number ofHr versus the logarithm of the norm of the rth residual. Typically, as

r increases, the increase in condition number is accompanied by a reasonable decrease

in the norm of the residual. A a certain point, however, the residual error does not

improve significantly, while the condition number keeps growing. The optimal value of

the iteration number r can be found with the L-curve method, which also played a part

in determining the optimal value for the Tikhonov regularization. This method will be

explained in the next section.

12.3 The L-curve method for selecting optimal parameters

Almost all regularization methods involve a trade-off between the “size” of the regu-

larized solution and the quality of the fit that it provides to the given data [40]. The

difference between the methods is how these quantities are measured, and how the op-

timal trade-off is determined.

In Tikhonov regularization, we need to select the optimal value for the parameter λ

that weights the solution norm, while in GMRes-based regularization, we need to find
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Figure 12.3: A generic L-curve for a Tikhonov regularization problem, where for
a certain λ the corresponding residual norm and solution norm are plotted. Note
that this representation uses log-log axes. The circles indicate the values for λ =
10−5, 10−4, 10−3, 10−2, 10−1 and 1. A lower λ, which means going up the curve, rep-
resents less regularization or filtering. In the other direction, with λ increasing, more

regularization is performed (at the cost of accuracy of the fit).

an optimal iteration number r. In both situations, these parameters define a trade-off

between:

• the accuracy of the fit; reflected by the residual norm

• and the influence of the ill-posedness; reflected by either the solution norm in

Tikhonov regularization, or by the condition number in the GMRes approach.

The accuracy should of course be as high as possible, but with as little influence of

amplified noise components due to the ill-conditioned nature of the problem. In other

words, we want to have the residual norm and the solution norm (or condition number)

as low as possible, but lowering one will increase the other.

For Tikhonov regularization, the L-curve method was introduced for this problem [40].

Remember the Tikhonov regularization problem for a certain value of λ from equation

12.3. In this case, there is a trade-off between the norm of the residual
∥∥A−1ΦH,λ − ΦB

∥∥,

and the norm of the regularized solution ‖RΦH,λ‖. Note that we have included λ in the

subscript of ΦH to indicate that two norms are dependent of each other by the choice

for λ.



Chapter 12. Regularization of the inverse problem 79

We can plot those two quantities versus each other, as a curve

(∥∥A−1ΦH,λ − ΦB

∥∥ , ‖RΦH,λ‖
)

parametrized by λ. This is the definition of the L-curve; it is a tradeoff-curve between

two quantities that both should be controlled. Figure 12.3 shows an example L-curve for

a Tikhonov regularization problem. Note that it is customary to plot the two quantities

in logarithmic scale, to further emphasize the abrupt corner in the curve.

This concave corner is the location of the optimal trade-off: when continuing to increase

the regularization parameter λ here, the solution norm might still decrease a bit, but

at a huge cost to the residual norm and thus less accuracy. On the other hand, if we

make λ lower than the corner value, we drastically increase the solution norm (giving

the ill-posedness a chance of influencing the solution), without decreasing the residual

norm a lot.

Selecting the optimal value of the regularization parameter, the L-curve criterion is

based on this idea of finding the apparent concave corner in the curve. Hansen [40]

showed that when Ax = b with b noisy, there always is (more or less) such a corner.

He also describes a method to determine this corner. In a given curve, he searches

for candidate corners, and then selects the corner with the maximum curvature. His

algorithms are available in a Matlab toolbox, that were used in our implementation of

this problem [45].

12.3.1 Applying the L-curve method to GMRes regularization

Until now, we have mainly talked about the L-curve method in the context of Tikhonov

regularization. However, the problem of finding the optimal iteration number for the

GMRes method is quite similar. In the GMRes method, the trade-off is between the norm

of the residual
∥∥A−1ΦH,r − ΦB

∥∥, and the condition number Cr of the upper Hessenberg

matrix that approximates the inverse of our transfer matrix A. Thus, where in the

normal L-curve method for Tikhonov regularization we used the norm of the solution,

we now use another measure for the degree of ill-posedness, namely the condition number

our reconstruction matrix.

Thus, at iteration r, we have two quantities: the norm of the residual
∥∥A−1ΦH,r − ΦB

∥∥,

and the condition number Cr. Note that these values now are dependent of the iteration

number r instead of the weight λ in Tikhonov regularization. Again, we plot these

quantities versus each other as a curve

(
Cr,
∥∥A−1ΦH,r − ΦB

∥∥)
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Figure 12.4: A generic conditioned L-curve for a GMRes regularization problem,
where for a certain iteration r the corresponding residual norm and condition number
are plotted. Note that this representation uses a logarithmic vertical axis. Note also the
differences with Figure 12.3: the residual norm is now on the vertical axis; the condition
number replaces the measure for ill-posedness (and is placed on the horizontal axis);

and going down the curve now represents less constraining instead of more.

Note that we have switched the residual to the vertical axis, in contrast to its horizontal

position in the case of Tikhonov. Also, while we took the 10-log of both the residual

norm and the solution norm in the case of Tikhonov regularization, with the GMRes we

only take the 10-log of the residual norm, and keep the condition number as it is. This

adjusted version of the L-curve is introduced by Ramanathan et al. [38] for the problem

of electrocardiography, and is referred to as the conditioned L-curve. Figure 12.4 shows

an example of this conditioned L-curve. Especially note that in this case, increasing the

regularization parameter r decreases the amount of constraining, while a increase of the

regularization parameter λ in the Tikhonov case yields an increase in the weight of the

constraint.

Ramanathan et al. showed that for their implementation of methods in electrocardiog-

raphy, the GMRes method had a similar overall performance as Tikhonov regularization.

However, in some of their cases, GMRes was able to recover local features better than

Tikhonov reconstructions.
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12.4 Implementation

The regularization methods as described above were implemented in our MATLAB R©

framework. Part of the methods for L-curve corner selection were readily available in the

regularization toolbox by Hansen [45]. We adjusted their methods for corner-selection to

also be able to find conditioned L-curve corners, as needed for the GMRes method. The

GMRes method itself was also partly based on corresponding methods in their toolbox.

In the next chapter, we will compare the results for Tikhonov-based reconstructions,

and GMRes-based reconstructions.



Chapter 13

Regularization experiments

In this chapter, the first inverse reconstructions will be calculated. The goal of the ex-

periments discussed in this topic is mainly to investigate the possibilities and limitations

of inverse reconstructions of heart-surface potentials from body-surface potentials.

As we have seen, unregularized solutions are not possible. We will compare the results

of Tikhonov regularized solutions with those of GMRes regularized solutions. Where

possible, we will compare the reconstructions with the original, known heart-surface

potentials.

To simulate real-world circumstances, and to make sure that we correctly deal with

the ill-conditioned problems associated with the reconstructions, we add noise to the

body-surface potentials that we use as a starting point for our inverse method. For the

concentric and eccentric case, 10% additive white gaussian noise (resulting in a signal-

to-noise ratio of 10) was added to the body-surface potentials. This amount of noise is

quite high, to make sure that we are in a realistic situation.

In the following sections, we will first briefly illustrate the results of the Tikhonov recon-

structions, the L-curve, the GMRes reconstructions, and the conditioned L-curve. Then,

we will compare the two regularization methods. We will end this chapter with a section

of special experiments, to investigate the resolution and sensitivity of the methods.

13.1 Tikhonov reconstructions

We start with the concentric spheres model. We apply the Tikhonov method as de-

scribed in the previous chapter, for various choices of λ. The corresponding normalized

relative error between the reconstructed heart-surface potentials and the known heart-

surface potentials is shown in Figure 13.1. We see that there is an optimal choice for

82
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Figure 13.1: For each choice of λ, we used Tikhonov regularization to reconstruct
the heart-surface potentials in the concentric spheres model based on the known body-
surface potentials. The normalized relative error between these reconstructions and the
known heart-surface potentials is computed for each choice of λ and shown here. It can

be seen that there is an optimal reconstruction when λ ≈ 0.3.

λ that minimizes the error. Choosing a lower λ results in a higher error due to too

much influence of the amplified noise-components, while a higher λ results in too much

smoothing. For the optimal value of λ = 0.3, we get a normalized relative error of

REnorm (λ = 0.3) = 0.083, which is very good.

When, for the same case, we apply the L-curve method for finding the optimal λ, we

obtain the results of Figure 13.2. The L-curve method finds an optimal value for λ = 0.1.

The normalized relative error for this is REnorm (λ = 0.1) = 0.191, more than twice

as high as with λ = 0.3. In other words, the value for λ we obtained with the L-

curve still yields an accurate reconstruction, but a better one is possible. We should

remember, however, that we obtained the optimal λ = 0.3 by using the known heart-

surface potentials to compute the relative error. The L-curve method uses no known

potentials (in a realistic situation, these would of course not be available), and thus has

the built-in property that it is not able to check whether it selected the optimal value.

The reconstruction corresponding to the optimal parameter value found by the L-curve

is shown in Figure 13.3. The reconstruction is very good: we can see the same pattern

in the reconstruct potentials and in the known potentials. (Note that the scale of both

distributions differs, however, we are not interested in absolute potentials.)

Results for the eccentric spheres case are similar and are not shown here, but will be

discussed in the section where we compare Tikhonov reconstructions with GMRes re-

constructions. We will, however, look more closely at the reconstructions in the ECGsim

model, as we see some issues there. When we look at time-frame t = 6, for example,

the L-curve has no distinct corner, as shown in Figure 13.4. This means, that there is

no clear method of selecting an optimal λ. In other words, Tikhonov regularization is
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Figure 13.2: The L-curve method applied to find the optimal value for λ. On the
horizontal axis, the residual norm (the mismatch of the fit) is shown, and on the vertical
axis the corresponding solution norm (representing the ill-posed artifacts), both for a
certain value of λ. The optimal value for λ is found at the concave corner, indicating the
value with an optimal trade-off between accuracy and artifacts due to the ill-conditioned

problems.
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structed potentials (right), with the optimal value for λ selected by the L-curve method.

The reconstruction closely resembles the original potentials.
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Figure 13.4: The L-curve for the ECGsim model at t = 6. This curve has no clear
concave corner, which makes it difficult to select an optimal λ.
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Figure 13.5: The normalized relative error for Tikhonov reconstructions, depending
on the choosen value for λ. It can be seen that, whatever the choice for λ, the error
never gets really low. In other words, Tikhonov regularization cannot find a good fit
here, with the given transfer matrix A. This could explain why there is no typical

“L-shaped corner” in the L-curve plot of Figure 13.4.

not able to find a good fit here. This is backed-up by the plot of the normalized relative

error in Figure 13.5, which shows that, for all λ, no distinct optimal value can be found,

as the error always stays relatively high.

Similar results were obtained for other time-instants. This means, that in this more

complex case, we are not able to find a fit that gives a low normalized relative error.

However, we still might get patterns that indicate the most important physiological

properties. For example, Figure 13.6 a Tikhonov reconstruction for the ECGsim model,
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Figure 13.6: Although not perfect, we can see some similarities between the original
heart-potential distribution (left) and the Tikhonov-based reconstruction (right).

where we can see two maxima in both the original and the reconstructed distribution.

However, in many other cases, reconstructions and original patterns seem harder to

match.

This suggests that Tikhonov regularization is unable to find a good match here. This

can be due to limitations of the Tikhonov method, but also more fundamentally, a

transfer matrix A that does not incorporate enough details on the complex geometry.

Another issue here might be the fact, that the ECGsim model provides us with data

that is simulated itself, with an unknown quality. In other words, perhaps we are trying

to reconstruct false data. This will be further explained in section 13.3.

13.2 GMRes reconstructions

For the GMRes-based reconstructions, we also computed the normalized relative error

for various choices of the regularization parameter, in this case the number of iterations

r. For the concentric-spheres case, the results are shown in Figure 13.7. It can be

seen that the lowest error is obtained when the number of iterations is r = 2, with a

normalized relative error of REnorm (r = 2) = 0.068, which is a good reconstruction.

Figure 13.8 shows the use of the conditioned L-curve method to find the optimal value for

r in a situation where we do not have original heart-surface potentials to compare with.

The L-curve method returns r = 2 as the optimal number of iterations, exactly at the

real optimum which we determined from the previous plot. If we inspect the resulting

distribution in Figure 13.9, we see that the reconstructed distribution is a perfect fit.

In other words, in this case, GMRes finds a very nice fit, with the conditioned L-curve

method finding the optimal regularization parameter r.
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Figure 13.7: For each choice of r, we used GMRes regularization to reconstruct the
heart-surface potentials in the concentric spheres model. The normalized relative error
between these reconstructions and the known heart-surface potentials is computed for
each choice of r and shown here. It can be seen that there is an optimal reconstruction

when r = 2.
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Figure 13.8: The L-curve method for finding the optimal value for r in the GMRes
case. Now, on the vertical axis, the residual norm (the mismatch of the fit) is shown,
and on the horizontal axis the corresponding condition number (representing the ill-
posed artifacts), both for a certain value of the iteration number r. The optimal value
for r is found at the concave corner, indicating the value with an optimal trade-off

between accuracy and artifacts due to the ill-conditioned problems.
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Heart 2: GMRes reconstructed
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Figure 13.9: Original (known) heart-surface potentials (left) versus GMRes recon-
structed potentials (right), with the optimal value for r selected by the conditioned

L-curve method. The reconstruction fits the original potentials accurately.
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Figure 13.10: When we try to reconstruct heart-surface potentials with the GMRes-
regularized method, we never obtain a fit that has a low normalized relative error.

For the eccentric spheres model, we found similar results, not shown here. If we look

at a specific time-instant (t = 6, but similar results for other instants) at the GMRes

reconstructions for the ECGsim model, we see, similar to the corresponding Tikhonov

reconstructions, that the method is not able to achieve a good fit, as the plot of the

normalized relative error in Figure 13.10 shows: the error always stays relatively high.

The conditioned L-curve method finds a quite distinct corner, however, at r = 3 iter-

ations, see Figure 13.11. The corresponding reconstruction, unfortunately, is not that

good, as shown in Figure 13.9.
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Figure 13.11: The conditioned L-curve method finds the optimal iteration at r = 3
for the ECGsim model.
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Figure 13.12: Original (known) heart-surface potentials (left) versus GMRes recon-
structed potentials (right), with the optimal value for r selected by the conditioned

L-curve method. The reconstruction does not fit the original potentials.

13.3 Reasons underlying the inability to reconstruct ECGsim

model data

Both the GMRes reconstruction and the Tikhonov reconstruction yield very good results

for our sphere models. However, in the ECGsim model, both methods are unable to

reconstruct the heart-surface potentials to a satisfactory level, for any choice of the

regularization parameter. The mismatch in the ECGsim case could be due to several

reasons:
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• The transfer matrix is not constructed correctly. It might be the case that the

scaling defect, mentioned in chapter 11, has a higher influence in more complex

cases. On the other hand: forward reconstructed body-surface potentials seemed

to fit the known body-surface potentials accurately, suggesting that the transfer

matrix is more or less correct.

• The regularization methods are not able to yield a correct solution due to built-in

limitations. This could be the case, although in literature, both regularization

methods have been shown to be able to yield correct reconstructions.

• The geometry is not suitable for our methods. The geometry is somewhat unusual,

since the inner portions (endocardium) of the heart are also used as heart surface.

This might not be a correct representation. In the literature, a closed surface is

generally employed, without any inward folds.

• The given heart-surface potentials in the ECGsim model are not correct, and do

not correspond to the given body-surface potentials that we use as starting point

for our reconstructions. Some investigation points in this direction. In partic-

ular, when we compute the body-surface potentials ourselves, with our forward

method, and use those to reconstruct the heart-surface potentials with the GM-

Res or Tikhonov method with 1% additional noise, we obtain a perfect fit.

The last cause seems the most plausible: the heart-surface potentials given with the

model, do not correspond well to the given body-surface potentials. Indeed, if we use

the forward method to compute body-surface potentials ourselves, add 1 or 2% additive

white gaussian noise, and apply either GMRes or Tikhonov regularization, we obtain

perfect fits. For the Tikhonov method, Figure 13.13 shows the L-curve, the mismatch

error for each λ, and the reconstruction for the automatically selected λ. Figure 13.14

shows the same plots for the GMRes method. In both Figures, we see a good recon-

struction. However, in Tikhonov we used 2% additive noise, while in GMRes only 1%,

because 2% in the latter case did not yield very good results. We investigate the noise

dependency of both reconstruction methods further in a subsequent section, but at least

we have shown now that also in the complex ECGsim model, we are able to reconstruct

heart-surface potentials.

13.4 Detection of maxima

In this and the following sections, we will investigate some special cases and the corre-

sponding resolving capacity of our regularization methods. For most of the cases, we will
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Figure 13.13: When we use our forwardly computed body-surface potentials as a
starting point for reconstruction in the ECGsim model, we see that the Tikhonov
method is able find a good reconstruction. The L-curve (top left) shows a distinct cor-
ner, which also corresponds to the optimal λ in the plot of the normalized relative errors
for various choices of that parameter (top right). The corresponding reconstruction is

shown below and shows a nice fit.

define a heart-surface potential distribution manually, and then check the possibilities

of reconstruction.

The first case we will investigate is detection of maxima: how well can we reconstruct a

single maximum on the heart-surface? We will investigate this in the eccentric spheres

model, see Figure 13.15. This model simulates the realistic situation the best, without

using the less reliable ECGsim model. Note that we have generated spheres with more

detail (more vertices and surface elements) than in the previous experiments, to be able

to investigate the spatial resolution capacities to the fullest.

We start with a heart-surface with a constant potential of zero. One vertex is given

a potential of 1, and its direct neighbors a potential of 0.5. With the forward method

we compute the corresponding potential distribution at the body surface. Some noise

(1%) is added to these potentials to ensure realistic circumstances. Using the GMRes

and Tikhonov methods, we reconstruct the heart-surface potentials. We repeat this
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Figure 13.14: Same as Figure 13.13, but now for GMRes reconstruction. Again, a
clear corner is found (top left), but the higher iteration number could actually give
somewhat better results (top right). Nevertheless, important features are still visible

in the reconstruction (bottom).

Figure 13.15: The eccentric spheres model used for some experiments. Note that this
model is the same as the previous eccentric spheres model, but more detailed. In this
model, both heart and body have 642 vertices and 1280 triangulated surface elements.
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process for increasing sizes of area of high potential, to investigate the resolution of the

reconstructions.

The results are shown in Figure 13.16. The figure shows for each case the original

heart-surface potential distribution (left), and the reconstructed distributions. For each

reconstruction, the corresponding normalized relative error is given.

Even with a small area of maximal potentials, we find a corresponding maximal area in

the reconstruction, with the same location (top row). However, the reconstructed area

is much too large: the reconstructed maximum includes a large part of the zero-valued

area surrounding the original maximal area. This is also reflected by the high relative

error. When we increase the original area of potentials, the reconstructed area remains

too large, until row 4, where the reconstructed area matches the original area. As from

row 5, the reconstructed area of maximal potentials nicely grows with the original area

of maximal potentials.

Thus, the location of the maximum is always found exactly in this model. However, with

only a small maximum (and no other significant potentials on the surface), the recon-

structed area of high potentials is too large. This indicates that the spatial resolution

of the reconstruction methods is not very good in their current implementation.

But, how then do we explain the very nice results we got from the ECGsim model, when

we also used the forwardly computed potentials as a basis for reconstruction, as shown

in Figure 13.14 for GMRes reconstructed potentials, and Figure 13.13 for Tikhonov

reconstruct potentials? Indeed, in these figures, we see several maxima (and minima),

and the reconstruction clearly matches those.

It appears that the amount of noise is the significant factor here. For example, if we

repeat the procedure with the first row of Figure 13.16, but now with 10 times less noise

added to the body-surface potentials, we obtain Figure 13.17. This figure clearly shows

an almost perfect reconstruction, where in the previous case we got the worst results

here. Apparently, the amount of noise that is present is a major determinant of the

spatial quality of reconstruction.

13.5 Detection of several maxima

We can also investigate the spatial resolution capabilities of the reconstruction methods

by starting with two maxima, slowly moving away from each other. When the two

maxima are very close to each other, they will be reconstructed as a single maximum.
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Figure 13.16: Results from reconstruction of heart-surface potentials with one original
maximum. Left: the original heart-surface potential distribution. Middle: GMRes
reconstructed potentials, with the regularization parameter automatically selected by
the conditioned L-curve method. Right: Tikhonov reconstructed potentials, also with

automatic parameter selection.
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Figure 13.17: Same as the first row of Figure 13.16, but now with 10 times less noise
added to the body-surface potentials.

As soon as the two maxima are reconstructed separately, we have found the maximum

resolution of the reconstruction methods.

Figure 13.18 shows the results for these experiments. We have performed the experi-

ments for two different noise levels. It can be seen that when a considerable amount

of noise is added (top three rows), the reconstructed distribution always has a single

maximum. The reconstructed maximum gets broader when the underlying maxima are

further away, but only a single maximum can be observed.

With a 10-fold lower noise level of the body-surface potentials, the reconstructions are

much better (bottom three rows). When the maxima are very close (first row), both

reconstruction methods are not able to reconstruct two dinstinct maxima, but moving

a bit further away yields two separate maxima in the reconstruction (second row).

13.6 Summarizing the first results

We have seen now, that we are able to reconstruct heart-surface potentials from (ana-

lytically known, or forwardly computed) body-surface potentials and a given geometry.

We have provided a proof of concept of the idea that it is possible to reconstruct elec-

trical heart activity from electrical measurements at the body surface. Both Tikhonov

reconstructions and GMRes reconstructions yield valid results.

Furthermore, from these results, we see that noise has a significant impact on the re-

construction capacity of the algorithms. The spatial resolution of the reconstruction

depends heavily on the amount of noise present, and the ability of the regularization

methods to deal with this noise.
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Figure 13.18: Results from reconstruction of heart-surface potentials with two max-
ima moving away from each other. In the three top rows, we added approximately 10%
noise to the body-surface potentials, in the other three rows only 1%. Optimal values

for the regularization parameters are automatically selected.
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Another important result is the fact that in almost all situations, both the GMRes

method and the Tikhonov method yield similar reconstructions. This has two implica-

tions:

1. We did not find any evidence for the “reduced-smoothing” property that GMRes

is supposed to have. Both Tikhonov and GMRes seem to smooth the result by the

same amount. For example, we would expect to see the two maxima reconstructed

earlier with GMRes than with Tikhonov methods, but could not find such a result.

2. Since both regularization methods are based on very different ideas and meth-

ods, the fact that they generate similar results is an indication for the validity of

the methods and of the implementation. This is a very important result, as it

strengthens our confidence in the framework.

Now we know that, although noise is limiting factor, we are able to correctly reconstruct

heart-surface potentials. The next step is to investigate uncertainty in the geometrical

properties. In other words, how exact do we need to know the geometry to correctly

reconstruct heart-surface potentials?

13.7 Sensitivity to translation errors

Our transfer matrix is based on the geometry and location of the heart and body. We

can determine this shape and location from a non-specific, average human anatomy,

but also more patient-specific with the use of Computed Tomography (CT) or Magnetic

Resonance Imaging (MRI), as explained in chapter 6. Although CT and MRI are more

accurate than a predefined, non-specific anatomy, they still have their limitations.

In this section, we will investigate how well we are able to reconstruct heart-surface

potentials, if our transfer matrix is based on a certain assumed geometry, but the real

geometry actually differs a little. We investigate this in the eccentric spheres model.

Again, we will be using the detailed model of eccentric spheres. The computationally

more demanding transfer matrix computations are compensated for by the more detailed

analyses they allow.

We start with a certain “known geometry” and a given heart-surface potential distri-

bution with two maxima, as in Figure 13.19. Using the corresponding “real” transfer

matrix, we will compute the body-surface potentials, to which a little noise (1%) will be

added for realistic circumstances. Next, we will reconstruct the heart-surface potentials

while assuming an inaccurate geometry and a corresponding “faulty” transfer matrix.
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Figure 13.19: The geometry and heart-surface potential distribution used in the
translation experiments. The assumed heart lies either lateral or medial from the

actual (shown) heart location.

The reconstructed heart-surface potentials are then compared to the original potentials

to determine the sensitivity of the reconstructions to errors in geometry assumptions.

The first geometrical error we will investigate is translation: what if we think that the

heart is positioned at a location slightly moved from its actual position? So far, in the

eccentric sphere model, the heart has been placed at a distance 1/4 of the radius from

the center of the body sphere. Figure 13.20 shows the reconstructions for a movement

of 5%, 10%, 20% and 50% in the lateral (outside) direction, and for a movement of 5%,

10%, 20% and 50% closer to the body sphere center.

Panel A of this figure shows the original heart-surface distribution (left), which we gave

two maxima. The corresponding body-surface potentials were calculated and a little

noise was added for realism. Next, using the same geometry and corresponding transfer

matrix, we reconstructed the heart-surface potentials with the GMRes methods (middle)

and and Tikhonov methods (right), as a reference for our next reconstructions.

In panel B, the heart sphere was progressively moved in medial (inward) direction by 5%,

10%, 20% and 50%. This new geometry was assumed to be the correct geometry. This

assumed geometry was then used to generate the corresponding “faulty” transfer matrix.

We used the body-surface potentials (forwardly computed with the “correct” transfer

matrix) and the “faulty” transfer matrix based on the deviated geometry to reconstruct

our heart-surface potentials with GMRes (left column) or Tikhonov methods (right

column). We see that with a 5% deviation, the reconstruction still yields two distinct

maxima at the correct location. In other words, at this (low) noise level, we are able

to compensate for a small uncertainty in the geometry. This holds for the case with
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Figure 13.20: Results from reconstruction of heart-surface potentials with two max-
ima, when the assumed geometry differs from the real geometry. Panel A shows the
original heart-surface distribution with two maxima (left), and the reconstructed poten-
tials (middle and right). Panels B and C show the reconstructions where we assumed

a geometry that deviated in medial or lateral directions, respectively.
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10% deviation, although now we already see that the two maxima are merging. As of

a deviation of 20%, we see that one maximum disappears, and the other moves in the

direction of the location of the “real” heart (in this image to the right).

A similar story holds for panel C, where we assumed the heart to be located in a

direction more lateral (outward) than its true position. With a 5% movement in the

lateral direction, two distinct maxima are reconstructed, although GMRes seems to do

a better job here than Tikhonov. This difference is even more distinct in the cases with

10% and 20% movement, where GMRes is still able two find two distinct maxima, and

Tikhonov shows an area that is merging to one maximum. At 50%, even GMRes cannot

reconstruct the other maximum properly anymore, and both reconstructions seem to

have their maximum moved in the direction of the original heart location.

From panels B and C, we can conclude that with only a little deviation (and little

noise), we are able to reconstruct the maxima distinctly and at their correct position.

The more the actual geometry differs from the assumed geometry, however, the more

difficult it becomes to reconstruct two separate maxima. We see that GMRes yields

better reconstructions, at least in the lateral cases.

13.8 Sensitivity to size errors

We can repeat the same procedure as in the previous section, but now for size errors.

Again, we take the same eccentric geometry, and now we variate the size of our “as-

sumed” heart.

While doing these experiments, we saw that Tikhonov at a certain moment produces

nonsense, whereas GMRes still generates useful data. Some investigation pointed out

that in these situations, the L-curve has two corners, of which the wrong one was selected

by the L-curve algorithm. The regularization parameter belonging to the other corner

always gave better results, similar to those of GMRes. In the following results, we always

selected the correct corner manually if necessary.

Figure 13.21 shows the results for varying heart sizes. In panel A, we used a heart-

surface potential distribution with two maxima, and the “correct” transfer matrix, to

compute the actual body-surface potentials. A little noise was added to these body-

surface potentials. These body-surface potentials were used in all next experiments

to reconstruct heart-surface potentials with a erroneous geometry. For reference, we

used the correct transfer matrix with the GMRes (middle) and Tikhonov methods to

reconstruct the heart-surface potentials in panel A.
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Figure 13.21: Results from reconstruction of heart-surface potentials with two max-
ima, when the assumed geometry differs from the real geometry. Panel A shows the
original heart-surface distribution with two maxima (left), and the reconstructed poten-
tials (middle and right). Panels B and C show the reconstructions where we assumed

the heart to be smaller or larger, respectively.
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Figure 13.22: Reconstructions with GMRes and Tikhonov, where we assumed the
heart to be twice as big as its actual size.

In panel B, we used a “erroneous” geometry, in which we assumed the heart to be smaller

than its actual size, by 5%, 10%, 20% and 50%. The corresponding “faulty” transfer ma-

trices were used to reconstruct heart-surface potentials with either the GMRes method

(left column) or Tikhonov method (right column). Panel C shows similar results for a

heart bigger than its actual size.

From panels B and C, we see that a little deviation in heart size does not directly induce

any significant reconstruction errors. Only with deviations of -50% or +50% we see a

mismatch. Out of interest, we performed the same experiment for a deviation of 100%,

that is, an assumed heart size of twice the actual size. The results are shown in Figure

13.22. Now we can indeed say that the reconstruction shows little resemblance with the

original distribution, although the resulting maximal area is at the correct location.

This leads us to the conclusion that some deviation in heart size still yields accept-

able results; at the very least, location (translation) uncertainty, as investigated in the

previous section, has a much higher impact than size uncertainty.

13.9 Sensitivity to noise in the body-surface potentials

In the experiments for detecting maxima, we already saw that noise in the body-surface

potentials has a huge impact on the reconstruction quality. This sensitivity to noise is

investigated in detail in this section. Again, we use the detailed, eccentric spheres model

and applied two maxima to the heart surface. The corresponding body-surface potentials

were computated with the forward methods. Then, we added different amounts of noise

to the body-surface potentials, before trying to reconstruct the heart-surface potentials

again.
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As a measure for the amount of noise in a signal, one can use the signal-to-noise ratio

(SNR). This ratio is defined as the ratio of the power of a signal and the power of the

background noise. Usually, ten times the logarithm of this ratio is taken, such that we

can express SNR in decibels (dB), and the definition becomes:

SNR(dB) = 10 log10

(
Psignal

Pnoise

)
Equivalently, SNR can be obtained by calculating the square of the amplitude ratio,

which in the decibel notations becomes:

SNR(dB) = 20 log10

(
Asignal

Anoise

)
(13.1)

with A the root mean square amplitude. Note that the higher the SNR, the cleaner

(and thus better) the signal is. Also note, that this ratio is measured in decibels, a

logarithmic scale with base 10: a decrease of SNR with 3dB actually means that twice

as much noise is present in the signal.

We applied different quantities of noise to our signal. For this, we used additive white

gaussian noise, in such an amount that it resulted in a specific signal-to-noise ratio. The

results for the corresponding reconstructions are shown in Figure 13.23.

The top row of that figure shows our original, two maxima distribution, and the recon-

structions that correspond to a signal-to-noise ratio of 100dB. At this (unrealistically

good) noise level, the reconstructions clearly perform very well. When we decrease the

SNR, thus making the influence of noise larger and larger, we see that the maxima

slowly grow and merge to one maximum. At 50dB, the reconstruction still shows a good

match with the original potential distribution. At 43dB, we see that some merging is

occurring, and at 35dB, the Tikhonov method is not able to reconstruct two separate

maxima anymore. At 23dB, also the GMRes method shows only one maximum. Even

lower SNRs only result in larger areas of maximal potentials.

From these results, we can conclude that GMRes is somewhat better than Tikhonov at

keeping the maxima separated under the influence of noise. However, both methods are

severely influenced by the presence of noise.

13.9.1 Significance of these findings

But what does this mean for our own recordings? The system acquired at Maastricht

University has a typical electrode noise of 10µV (this figure was obtained in a personal

contact with the supplier). The root mean square amplitude, averaged over all electrodes
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Figure 13.23: Results from reconstruction of heart-surface potentials with two max-
ima, when a certain amount of noise is added to the body-surface potentials. The
amount of noise is expressed in a signal-to-noise ratio (SNR) in decibels, shown next

to the reconstructions.
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in our own recorded signals, is 177µV. These two quantities give us, according to equation

13.1, an average signal-to-noise ratio of approximately 25dB. As we look at the results

of a corresponding noise level of 23dB in Figure 13.23, we see that at this noise level,

we are not able to reconstruct two close maxima separately.

However, we should remember that in obtaining this value, we used the root mean

square amplitude over the whole signal, also including the parts where not much is

happening at the body surface, with an amplitude of essentially zero volts. This pulls

our root mean square amplitude down drastically. The QRS complex in our recordings,

for example, is a significant increase in the signal amplitude. If we only look at this QRS

complex, the root mean square amplitude, averaged over all electrodes in our recordings,

is 480µV. This corresponds to a signal-to-noise ratio of 34dB, at which we can distinctly

reconstruct two maxima, at least with the GMRes method, according to Figure 13.23.

This leads us to believe that with the noise present in our signals, we will have a challenge

in obtaining good reconstructions; only at the QRS complexes we have a signal amplitude

that is strong enough to, in otherwise perfect conditions, reconstruct two close maxima.

13.10 Short summary

Let us shortly summarize these results. We have shown that reconstructions are possible

in different models and geometries. Both Tikhonov and GMRes yield similar results;

only in the heavy presence of noise, we see that GMRes might have some advantages

over Tikhonov, as it seems to smooth the solution less. We should note however, that

some of the “difficult” corners in GMRes were selected by hand, which might induce a

bias towards the original signal.

We have established a serious doubt in the potentials provided with the ECGsim model

for several reasons; therefore, we will not use the results in which these potentials were

used in any conclusions. When we use our own forwardly computed potentials in this

model, we are able to reconstruct heart-surface potentials nicely.

We furthermore saw that geometrical uncertainty also introduces errors in the recon-

structions, especially with translation errors. Size errors seem to matter less. The final

experiments established that noise really is an important factor in the quality of the

reconstructions. Over the whole signal, with an signal-to-noise ratio of 25dB, we will

not be able to yield perfect reconstructions. However, at the most significant part of the

signal, the QRS complex, we obtain an signal-to-noise ratio of 34dB, which is a huge

improvement and can yield nice reconstructions.



Chapter 14

Reconstructions with our own

data

Until now, we have only been using simulated data and simple models. However, the

ultimate goal is to reconstruct real human heart-surface potentials from measurements

at the body surface. In this chapter, we will describe our efforts to fulfill this goal - or

at least to give it a first try.

If we want to reconstruct heart-surface potentials from own data, we need several things:

• The equipment to record body-surface potential data. At the Cardiovascular Re-

search Institute Maastricht (CARIM), the equipment to measure body surface

potentials was acquired and put to use. The system allows for 256 simultaneous

body-surface potential recordings.

• A human test subject. A male researcher from our department was kind enough

to be the subject of our investigations. He went through a procedure in which 256

electrodes were attached to his body (see Figure 14.1), obtaining several minutes of

body-surface potential recordings in rest. The test subject was a young, normally

proportioned person with no known history of heart disease.

• A geometry representing the test subject’s anatomy and the electrode positions.

Due to medical-ethical considerations, it was not yet possible to also obtain a CT scan

of the test subject as geometrical reference for our computations. Therefore, we used a

data set available from the “Utah torso” project, which was constructed from Magnetic

Resonance Images (MRI) by MacLeod and others at the University of Utah [46]. This

Utah torso is also a normally proportioned male. We extracted heart and body surface
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Figure 14.1: Our setup for measuring 256 body surface electrograms. Several strips
with electrodes are attached to a male test subject and connected to our input devices.

Image used with permission of the test subject.

geometry from these data sets and used those as geometrical reference in our calcula-

tions, see Figure 14.2. In the end, only 256 vertices of the body surface will be used,

corresponding to the locations of the 256 electrodes used at time of measurement.

Also because of medical-ethical and practical reasons, it was not possible to directly

measure epicardial potentials. Thus, for this model, we only have body-surface po-

tential data, and no heart-surface potentials are available as a golden standard. The

reconstructions of the heart surface potentials can only be assessed as ‘visually normal’

or ‘abnormal’ by a cardiologist and checked against literature findings.

14.1 Generating body surface potential maps

The measured body surface potentials need to be post-processed to obtain useful data.

Basic operations involve extraction of the (filtered) potential data, and relating these

data to the correct electrodes with a certain position. Software was written to generate

Body Surface Potential Maps (BSPMs) from these data, as shown in Figure 14.3. These

maps show the distribution of electrical potentials on the body surface. Animations

of the changing body surface maps can be made to track temporal changes in cardiac

activation. A link to an example animation can be found in Appendix A.
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Figure 14.2: Realistic heart and body surface geometry as used for reconstructions
of our own human measurements.

However, in this view, the electrodes are “unwrapped” on a two-dimensional surface,

while in reality, the electrodes are positioned in a three-dimensional space. It would be

more realistic if we projected the potential recordings on a torso geometry.

14.2 Tailoring the geometry

Since we were not able to obtain a CT or MRI scan to get an exact anatomical rela-

tion between the test subject’s heart, his torso and the electrode positions, we used the

already digitized Utah torso and heart. This geometry corresponds to a normally pro-

portioned male. Of course, no exact resemblance can be expected with our test subject,

but the digitized torso and our test subject are not that different.

The digitized Utah torso contains 1329 vertices, which makes it a very detailed torso.

However, we have recordings at “only” 256 positions. Therefore, we carefully selected

the vertices on the Utah torso that correspond to an approximate electrode position in

our recordings. In Figure 14.4, the Utah torso is shown, with the electrode positions

mapped onto it.

Now we have annotated the electrode positions, this leaves us with 256 vertices, but

without any triangulation. To obtain a correct, triangulated surface corresponding to
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Figure 14.3: A body surface map at a certain instant during a heart beat, generated
from our body surface potential measurements. The middle of the map represents the
front torso, while the left and right side wrap to the back, as indicated by the inset at

the right top.

Figure 14.4: The Utah torso, with superimposed the vertices that more or less cor-
respond to the electrode positions in our recordings.
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Adjusted torso, consisting of only electrode positions

(a) Our reconstructed torso, in which each ver-
tex corresponds to an electrode used in our
recordings of body-surface potentials.

Adjusted torso with local potentials as color

(b) The same torso, but now colored with the
corresponding potentials (at a certain time in-
stant).

Figure 14.5: Using a tailored geometry for representing the body-surface potentials
is more accurate than a body-surface potential map.

these vertices, we performed “surface reconstruction”. We used the same methods as

described in chapter 5, obtaining the surface shown in Figure 14.5(a). Now, each vertex

corresponds to an electrode, which means that for each vertex we have a corresponding

recording of body-surface potential over time.

The next step is to connect the recordings of potentials with the correct vertices. Caution

is needed here, as wrong numbering of electrodes or vertex positions might yield a large

mismatch in location. If we use colors to represent the potentials at the body-surface,

we obtain Figure 14.5(b).

14.3 Reconstruction of heart-surface potentials

At this point, we have all the ingredients needed for reconstructing heart-surface po-

tentials. The tailored Utah torso, combined with the detailed Utah heart, is used to

compute a transfer matrix. This is computationally demanding, but fortunately has to

be done only once for this geometry.

From our body-surface potential data, we extract one heart beat. At each time in-

stant, we apply the Tikhonov and GMRes regularization techniques to reconstruct the

corresponding heart-surface potentials. For several interesting time instants, we have

visualized the results in Figures 14.6, 14.7, 14.8 and 14.9 .
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Figure 14.10: Reconstruction of heart-surface potentials just before epicardial break-
through. The positive area reflects the area of breakthrough. Note that the color scale

is different from that of the previous figures.

First note, that atrial potentials are too small to reconstruct at this moment and thus

are not visible here. That is also the reason that, just before the depolarization of the

ventricles (which happens during the QRS complex of an ECG lead), the reconstructed

heart-surface potentials are almost zero, as Figure 14.6 shows. At this moment, the atria

are depolarized, and the ventricles are still polarized. This means that the heart-surface

potentials are very close to zero, as indeed is visible.

The depolarization process of the ventricles has several phases. Depolarization starts

at the inner heart wall (the endocardium) and spreads to the outer heart wall (the

epicardium). In healthy persons, the first location at which the epicardium gets depo-

larized, the so called “breakthrough”, is at the right ventricular wall. Subsequently, also

the left ventricle depolarizes.

Just before epicardial breakthrough at the right ventricle, the depolarizaton front is

approaching, but has not yet reached, the epicardium. This generates a positive potential

region at the epicardium of the right ventricle. GMRes was able to reconstruct this area,

as is shown in Figure 14.10. Upon right ventricular breakthrough, this positive region

is invaded by a local potential minimum, quickly replacing the previously positive area

and changing it in a pronounced negative area. This can be seen in Figure 14.7.

In that figure, we also see a positive area at the left ventricle. This reflects the moment

just before left ventricular breakthrough: for the same reasons as on the right ventricle,

we first get an area of maximum potential here. Again, at the moment of left ventricular

breakthrough, we see that this positive area is replaced by a negative area, shown in

Figure 14.8.
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However, in that figure, also some areas of maximal potential can be seen, that persist

during the depolarization phase. They are not invaded by a minimum, neither is the

existing area of negative potential growing over them. We would expect the complete

depolarization of the ventricles to be reflected by an area of negative potential completely

covering the ventricles. Perhaps at this stage, the influence of noise and geometrical

uncertainty is taking over, resulting in some artifacts.

The ventricles are now depolarized, and the next phase is slow repolarization of the

ventricles. Repolarization of ventricles is reflected by a T-wave (which on an ECG lead,

depending on the location of the reference electrode, can be positive or negative). This

repolarization is reflected by a positive area at the anterior surface of the ventricles.

However, in our reconstructions, such a positive area was found at the apex, as de-

picted in Figure 14.9. Furthermore, an area with negative potentials is found at the left

ventricle, which has been described previously in humans [47].

14.4 Discussion

The findings as described above show some remarkable resemblances with results from

a study performed by Ramanathan and others [47]. Our findings during the QRS com-

plex, with maxima just before breakthrough at first the right ventricle and then the

left ventricle, quickly followed by minima during the actual breakthrough, show a nice

correspondence to their findings. In other words, although validating our results is not

possible, our first results might reflect the actual physiological depolarization of our test

subject.

However, during the repolarization phase a pronounced maximum was reconstructed at

the apex, whereas Ramanathan et al. found a maximum area at the anterior side of the

heart. Also, some areas of positive potential at the right ventricle are reconstructed,

that are not subsequently replaced by one large area of negative potential, as we would

expect when the ventricles are completely depolarized. These results suggest that the

uncertainty factors are preventing an accurate reconstruction. Moreover, the results

that do fit the expectations might just be lucky findings, although they are consistent

throughout the recordings.

Taking the results of chapter 13 into account, where we performed an extensive analysis

of the reconstruction capabilities of our methods, only some distinct resemblance between

our reconstructions and the physiological expectations were expected. As we saw in

that chapter, at the expected levels of noise and in otherwise perfect conditions, we

would only expect some valid results at the QRS complex. However, in the test case



presented in this chapter we also have a significant geometrical uncertainty, because

we used a non-specific geometry as reference. Nevertheless, we have found some nice

results in our reconstructions, at least during the QRS complex. These findings are

a proof-of-concept, indicating that it is possible to reconstruct heart-surface potentials

noninvasively, although it shoud be stressed that the accuracy still has to be validated.

Our previous experiments showed that noise and geometrical uncertainty decrease the

resolution of our reconstructions. In better circumstances, with noise-reduction and a

more accurate geometry, we would expect the resolution of the reconstructions to in-

crease. A higher detail in our reconstructions might reveal more breakthrough locations

(instead of one large smoothed area of breakthrough), as those have been described in

human physiological breakthrough previously [47].

For animations of the heart-surface reconstructions during one heart beat, see the links

mentioned in Appendix A.
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Summary and Conclusions
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Chapter 15

Summary

As we saw in the introductory chapters, the heart is a pump that heavily depends on

electric impulses to function. These electrical waves spread over the heart surface to

induce contraction. The results of this electric heart activity reflect to the body surface,

where we can record the electric potentials that for example are used in the standard

electrocardiogram (ECG).

However, these ECGs lack sensitivity and localized detail. A novel imaging technique

called non-invasive electrocardiographic imaging (ECGI) tries to reconstruct from these

ECGs the corresponding heart-surface potentials, more specifically, the potentials at

the outer heart wall (the epicardium). For this, we need geometrical information, for

example obtained by computed tomography (CT). We also need many locations at the

body surface where we measure the body-surface potentials. The reconstruction of

heart-surface potentials from body-surface potentials is part of a framework that tries

to enable the analysis of transmural (that is, “through the heart wall”) potentials in the

heart.

Based on physical laws, we derived a method, based on previous work, that enables

us to relate heart-surface potentials to body-surface potentials, to solve the so called

forward problem of electrocardiography. For obtaining body-surface potentials, we need

two separate sets of data: geometrical data, relating the anatomy of the heart to the

anatomy of the torso; and the heart-surface potentials itself.

The transfer matrix is an essential part of the forward problem, as it captures the

geometrical data to relate the heart-surface potentials to the body-surface potentials.

We derived a simple linear relation between the body-surface potentials and the heart-

surface potentials, with the transfer matrix as key part. For various models and data sets,

we validated our implementation of this linear relation and its corresponding framework.
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We saw a nice correspondence between our forwardly computed body-surface potentials,

and the known body-surface potentials, except for some scaling deviation that did not

influence the distribution itself.

Unfortunately, we cannot simply invert this linear relation to reconstruct heart-surface

potentials from body-surface potentials, to solve the inverse problem of electrocardiog-

raphy. The reason for this is the ill-posed nature of the inverse problem, meaning that

a small disturbance in the data yields completely different reconstructions. As noise is

always present in real-world applications, these small disturbances will surely influence

our reconstructions extremely, as we have seen in our experiments.

Therefore, regularization methods are needed to gently direct the solutions into a feasible

direction. We implemented Tikhonov regularization, that poses a bound on the norm of

the solution, preferring low-valued solutions over extremely high-valued solutions. We

also used the generalized minimal residual (GMRes) method, iterating over an expanding

set of possible solutions until a reasonable solution is found.

Both methods require a regularization parameter: Tikhonov for the weight of the im-

posed bound, and GMRes as selection of the optimal iteration. For this, we used the

L-curve method. This method plots a measure for the ill-posedness versus a measure

for the mismatch. Both quantities should be as low as possible, but getting to decrease

one typically increases the other. To find an optimal trade-off, we select the corner at

which a decrease in one starts to have a large impact on the increase of the other.

We validated this inverse implementation in several data sets and models. Both Tikhonov

and GMRes methods produced nice reconstructions under controlled circumstances. We

were able to reconstruct two close maxima if not too much noise was present, but also

discovered that the amount of noise present in the body-surface potentials is a key factor

in determining the quality of reconstruction. Also, when the position of the heart within

the torso has an uncertainty factor, this influences the reconstruction considerably. This

also holds, although to a lesser extent, for uncertainty in the size of the heart.

In these difficult situations, we discovered that GMRes, by carefully selecting the correct

iteration, might be able to provide reconstructions that are somewhat more detailed than

Tikhonov reconstructions. In general, however, they often yield the same results, which

validates both methods as good regularization methods.

This thesis was ended with the results of our very first reconstructions based on own

human data. Body-surface potential maps were measured on a healthy test person. An

existing, digitized geometry (not belonging to our test person) was used as reference.



Chapter 15. Summary 121

Withstanding the influence of noise and geometrical uncertainty, the reconstructed heart-

surface potentials during the depolarization phase of a heart beat showed resemblance

with findings described in literature.



Chapter 16

Conclusions

In this thesis, we have reached several milestones. First of all, we established that it is

possible to write body-surface potentials in terms of some geometrical transfer matrix

and heart-surface potentials. We did so under several assumptions, the most important

one being the homogeneous assumption: we assumed a homogeneous torso. However,

the method for an inhomogeneous torso, for example including the lungs, bones etcetera,

is equivalent [35], and research has shown, that this homogeneous assumption does not

influence the results extremely [24]. Nevertheless, it remains a gross assumption.

We validated our forward implementation extensively, establishing that the forwardly-

computed body-surface potentials are correctly distributed, but with too high ampli-

tudes. This scaling defect is constant for one geometry, but can differ for different

geometries. We found suggestions that this defect is somehow logarithmically related to

the distance between the geometrical elements. However, as the distributions showed

a perfect fit, and we actually are only interested in distributions and not in absolute

amplitudes, we can assume that this scaling defect has no further implications for our

research.

In the inverse problem, we established some important facts. First of all, we provided a

proof-of-concept: it is possible to reconstruct heart-surface potentials from body-surface

potentials. However, we also discovered that this problem is ill-posed and regularization

is needed. The Tikhonov and GMRes methods used for regularization yield nice results

in low-noise conditions. An essential part of these methods is the automatic parameter

selection, used for finding the optimal result. In Tikhonov, the L-curve method some-

times picks the wrong corner, yielding an unregularized solution. This can be corrected

manually. The same holds for GMRes: selecting the correct corner position can be tricky

with the conditioned L-curve. Manual selection often yields good results, and gives a

good insight in the actual functioning of these methods.
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On the subject of geometrical uncertainty, we saw that a big error in geometrical as-

sumption yields incorrect reoncstructions. However, the reconstructions seem able to

deal with only minor uncertainty: a translation of heart position of 10% can be com-

pensated for, and even larger size deviations are allowed. We expect that CT, used as a

geometrical basis for reconstruction, yields geometries well within these margins.

On the other hand, we should note that the heart moves considerably during one heart

beat. During its contraction phase, it shrinks, wrings and translates, which is not

reflected in the static geometry used as basis for the transfer matrix. An approach with

a geometry that changes with the actual location and shape of the heart during one beat

might provide better results.

Another complicating factor is noise. The influence of noise is enormous. Noise severely

reduces the resolution of the reconstruction. We saw that GMRes then shows it strength:

it shows less smoothing than Tikhonov, and thereby better reconstruction of the original

distribution. The signal-to-noise ratio in our own recordings varies from 25dB (over the

whole signal) to 34dB (over only the QRS complex). At these values, and with the

results of our experiments, we can only expect some valid reconstructions during the

QRS complex of a heart beat. Noise reduction or better regularization of the inverse

problem is therefore one of the key elements in our future approach.

Despite these complicating factors, our first reconstructions based on measured human

body-surface potentials and a non-specific geometry show some unexpected similarity

with findings described in literature, at least during the depolarization phase of the

ventricles. However, extensive validation of these human reconstructions is necessary to

be able to make solid conclusions based on future findings.

Combining all these results, we can conclude that it is possible to reconstruct human

heart-surface potentials non-invasively when we make some relevant assumptions.



Chapter 17

Further discussion and future

work

As the conclusion already pointed at, we still have enough to do. One of the first next

steps should be the definite removal of the scaling defect. It has annoyed us for long

enough now, and surely, we are much closer to its origin than ever.

Another step would be to implement other methods for reference. For example, Stenroos

[35] and Horacek [29] have slightly different approaches that have some advantages; either

computational (Horacek) or in accuracy by using a piece-wise homogeneous approach

(Stenroos).

Then, one of the most important future goals would be to decrease the influence of noise

in our reconstructions. Two paths can be followed here: either we reduce the noise level

in our recordings, or we improve the regularization methods even further. Probably a

combination of both paths is necessary.

For reducing the noise level, for example, we could use high resolution electrocardiog-

raphy, in which noise is reduced by applying signal averaging methods [48] or filtering

techniques [49]. Also, we could try using a wavelet approach. Some previous studies

have shown nice results for ECGs [50], but none have been used in the inverse problem

of electrocardiography as far as we know.

Other regularization techniques could also be pursued. For example, an approach by

Greensite [51] is shown at least theoretically to be less influenced by noisy components.

Furthermore, a regularization technique that not only regularizes in the spatial domain,

but also in the temporal domain, might yield more stable solutions [52].

124



Chapter 16. Further discussion and future work 125

But before looking at other regularization techniques, we might try to apply some vari-

ants of Tikhonov regularization. In our experiments, we applied Tikhonov Zero Order

regularization, imposing a bound on the absolute value of the potentials. However,

with Tikhonov First Order or Second Order regularization, where we apply a bound on

the spatial derivative or second spatial derivative, respectively, we might obtain better

results, as suggested by Throne [41] and others.

Also, we could try to not regularize the potentials directly, but instead use a bound on

the current density. A study by Khoury [53] has shown significant improvement with

this approach. This is just a slight modification to our Tikhonov approach and worth

investigating.

Until now, in Tikhonov regularization, we used the (euclidian) L2-norm of the potentials

or its derivatives. In another approach by Ghosh [54], the L1-norm is used to prevent

smoothing of the solution. They show that the L1-norm is more accurate than the L2

norm, which also in our case might reduce the influence of noise further.

All previously mentioned methods and approaches apply their own constraints to the

data. It might be useful to combine these constraints, to obtain optimal results. Com-

bining these constraints yields a set of addmissible solutions, and has been suggested

previously [55].

In other words, we cannot avoid the conclusion that, although we still have a long way to

go before we obtain clinically relevant reconstructions, a lot of methods are just waiting

to be applied to improve our results to a useful level.



Appendix A

Data

The animation showing the body-surface potential maps (BSPMs) during one heart

beat, reconstructed from our own measurements, can be found at the following link:

http://matthijs.cluitmans.net/academic/media/short.avi

Animations showing the reconstructions of heart-surface potentials during a heart beat

can be found here:

http://matthijs.cluitmans.net/academic/media/reconstrHDventral.avi

http://matthijs.cluitmans.net/academic/media/reconstrHDapex.avi
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